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Recentreportshaveshownthat initially homogeneousolutionsof chargedcolloidal particlesor polyelec-
trolytes may developinstabilitiesunderstrongelectricfield. In particular,striking dynamicalstructureform-
ing quasi-stationaryigzagpatternshave beenobservedunderstrongac electricfield, whenthesemacroion
dispersionsare confinedinto a slabcell. We developin this paperthe basisof a theoreticalapproachaimedat
describingthe large scale,long time electrokineticpohenomenaccurring,understrongelectricfield, within a
dispersionof macroionsin a simpleelectrolyteof high ionic strength We assumehatthe macroions’charges
canbe describedat large length scales by a smoothchargeprofile that merely generatesomesmall pertur-
bationson the already out-of-equilibrium situation of a simple electrolyte under strong electric field. This
allows usto overcomethe complexity of the nonlinearelectrokineticequationsy expandinghemaroundthe
far-from-equilibriumsystemwith no macroion.This approachis thereforeto be contrastedvith the classical
theory for which the perturbationof the ionic concentrationsre evaluatedaslinear responseso a “weak”
appliedelectricfield with respectto their equilibrium distributionsarounda macroionat rest. We show here
that the out-of-equilibriumionic distributionsin the solution are perturbedover large length scalesin the
vicinity of the macroionswhich leadsto the breakdownof (equilibrium) electroneutralityin the solutionfar
beyondthe Debyelength scalesThe electricalbody force arising from the coupling betweenthis large scale
chargedensity and the applied electric field eventuallytriggers someelectrohydrodynamidlows which, in
turn, convectthe very slowly diffusing macroionsin the solution. Numericalresolutionsof the modelin two
analytical limit regimesshow that this processis able to select quasistationarydynamical patternsfrom
preexistinginhomogeneouslistributionsof macroionsjn good agreementvith experimentabbservationsin
addition, we show, using simple dynamicalscalingargumentsthat this nonlinearcoupling betweenthe mac-
roion densityfluctuationsand the associatealectrohydrodynamiélows dominateshe large scale,long time
stochasticdynamicsof the macroiondistribution, suggestingthat it might also be responsible through a

NOVEMBER 1997

noise-drivenprocessfor the primary segregatioritself. [S1063-651X97)13710-2

PACSnumbets): 82.70.Dd,47.54+r, 82.45+z, 83.80.Gv

I. INTRODUCTION

The motivationfor this work originatedfrom striking ob-
servationgdoneby Mitnik andco-workerd[1,2] while study-
ing DNA capillary electrophoresisin principle, the use of
microcapillaries,filled with a neutral polymer solution as
sieving medium, allows one to apply strong electric fields
and, thus, achievefast electrophoreticseparatior{ 3]. How-
ever,Mitnik et al. discoveredhat solutionsof monodisperse
large DNA fragmentsbecomeinhomogeneousnce sub-
jectedto an electricfield strongerthana few tensof V/cm.
This electric-field-inducedNA segregationpccurringeven
in the presenceof neutral polymer chainsusedas sieving
medium, leadsto “artificial” peakson electrophoregrams
whenoneattemptso separatdNA fragmentdongerthana
few kilobasepairs. The phenomenons thereforeto date,a
major limitation to this otherwisevery promisingtechnique
for moleculargenetics.The experimentalobservationsbe-
come evenmore puzzling when the DNA solution is con-
finednotin a capillary but betweentwo glassplates,with an
ac electricfield appliedparallel to the plates[2,4]. Striking
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zigzag patternsform in the confinedDNA solution as de-

pictedin Figs. 1 and 2. Interestingly,very similar patterns
havealsobeenobservedy othergroupswith quite different
chargedcolloidal systemssuchaspolystyrenesphereg5] or

evenChinaclay [6]. This demonstrateshat the underlying
physicsis a very generalphenomenoni.e., independenbf

the microscopicnatureof the colloidal particlesor the poly-

electrolytes.

We presentn this paperour interpretatiorof the physical
origin of the patternformationin thesemacroiondispersions
understrongelectricfield. Someof the generalideasfound-
ing this analysishave alreadybeenoutlined [4]. In the re-
mainderof the Introductionwe first recall the main experi-
mental features of the observed electric-field-induced
patterning of DNA solutions confined in a quasi-two-
dimensional2D) geometry We thenbriefly review anddis-
cussthe classicaltheoreticalapproachto electrophoresi®f
macroionsin electrolytesolutionsof high ionic strength be-
fore outlining the generalideasof the theoreticalapproach
we proposein this paper.

Typical experimentsare performedin a slab cell filled
with 30 ug/ml of A\-DNA labeledwith a fluorescentdye
(separatiorbetweenthe parallel glassplatesis a=10 um).
The \-DNA is a 16 um long DNA fragment[48.5 kilobase
(kbp)] taking a coil configuration(Ry=1 um) in the buffer
solution used. Each N\-DNA molecule is known to carry
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FIG. 1. Top view of thehorizontalslabcell containing30 wg/ml
of \-phageDNA (Appligene,llikirch, F) in 1X TBE buffer (89 mM
Tris-boric acid, 2.5mM EDTA), containing10 M ethidium bro-
mide for fluorescencevisualization.A thicknessof 10=1 um is
imposedby dispersingin the solutiona few latex spheresf diam-
eter 10 um (PolysciencesEppelheinm,D). The negativeimage
(covering300 um) is taken2 min after the onsetof a 300 V/cm ac
field, in the horizontaldirection,atthefrequency2 Hz. Theangleof
tilt betweenthe direction of the electric field and the elongated
aggregatess 9=~ *+45° [2].

roughly 50000 elementarycharged 7] that correspondo a
mean“fixed” chargeconcentratiorof about10 > mol/l in
the coil region, 100 times smallerthanthe ionic strengthof
the buffer used (see[1] for further experimentaldetails.
0.01% of hydroxypropyl cellulose (HPC), which adsorbs
strongly on the glass surfaces,is also addedto suppress
electro-osmosisThe acfield is thenappliedparallelto these
glass surfacesand the labeled moleculesare observedby
epifluorescenceideomicroscopyperpendiculariyto the slab
cell. For strongac fields (typically a few hundredV/cm at
100 Hz) the segregationgives rise to elongated“aggre-
gates” (containinghundredsof A-DNA fragmentdocally in
semidiluteregime tilted with regardto the direction of the
electric field. On a time scaleof tens of secondgto a few
minutes,thesetilted aggregates are actually quasistationary
dynamical structures within which individual DNA mol-
eculesrecirculatecontinuously(seearrowson Fig. 3). The
circulation velocity increasegapidly with the amplitude of
the electric field and can reach100 um/s. The other main

FIG. 2. Similar experimengsin Fig. 1 with a300V/cm acfield,
in the horizontaldirection, at the frequency100 Hz. The angle of
tilt betweenthe direction of the electric field and the elongated
aggregatess now 6= +60° [2].
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FIG. 3. Sketchof a field-inducedquasistationarglynamicalag-
gregatecontainingtypically hundredsof macroions.The direction
of circulation(arrows changewwith the sign of thetilt angleé. The
circulationvelocity increasesapidly with increasingfield, and can
reach100 um/s closeto the aggregatéboundary.

featuresof thesedynamicalstructuresare the electric field
“threshold” abovewhich they are seento developwithin
typically lessthan1 min [1,2] andthe precisevalue of their
angleof tilt with respecto the directionof the electricfield
[4]. Thefield thresholddecreasewhenthe frequencyis low-
eredor whenthe DNA molecularweightand,hencethe size
of the coil are increased[1,2]. As for the tilt angle, one
observegssentiallytwo distinctvaluesin the quasistationary
dynamicalregime developingover a few minutesafter the
onset of the instability [4]. At low frequency (i.e.,
w/27r<10 Hz), the periodicelectrophoretidrift of thetilted
aggregatas typically largerthanits width, andwe measure
f==+45° (see Fig. 1 with w/27=2 Hz). At higher fre-
guency,the periodic drift of the tilted aggregatds smaller
than its width, and we have 6=*60° (see Fig. 2 with
wl27=100Hz). Although tilted aggregatesre often orga-
nizedinto zigzagpatternsthis is not an essentiafeatureof
the instability since isolatedtilted aggregatesre also ob-
served Hopefully, theseremarkabldeaturesshouldallow us
to discriminatebetweendifferent possiblemechanismsor
the physicalorigin of the phenomenon.

The descriptionof electrophoresiof chargedcolloidal
particles,i.e., their migrationunderelectricfield, hasbeena
theoretical challengefor most of this century originating
backin 1903with the famousSmoluchowskexpressiorgiv-
ing the electrophoretianobility, underweakelectricfield, of
a chargedsphereplacedin a strongelectrolyteof high ionic
strength(i.e., k 1</ wherex ! is the Debyelengthand /
the spherediametey [8]. This stateghatthe electricforce on
the particle essentiallybalancesthe viscousshearinduced,
within the Debyelayer, by the excesscounterionamigrating
underthe electricfield. Henceelectrophoretianobilities es-
sentially reflect the basic electrokineticphenomenaat the
Debyelengthscale.

Due to the complexity of the nonlinear electrokinetic
equationsthe electrophoretianobility of a macroionis usu-
ally evaluatecanalyticallyassuminghatthe equilibrium dis-
tributions of the coionsand counteriongemainunperturbed
underelectricfield in the frame of reference of the migrating
macroion. Electrophoresis being, however, an out-of-
equilibrium (dissipative phenomenorthe equilibriumdistri-
butionsof the electrolyteions not only “follow” the migrat-
ing macroionbut they arealsoperturbedn its vicinity under
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the applicationof an electricfield.

The perturbationof the ionic distributionswithin the De-
bye layers has beenclassically analyzedin linear theories
takingthe appliedelectricfield asa small parameteascom-
paredto the equilibriumelectricfield within the Debyelayers
[9]. It hasbeenproposed5,6] thatthe resultingpolarization
of the excesscounterionsn the Debyelayersinducesdipole-
dipole interactions betweenthe macroions,hencefavoring
macroscopicsegregationof the dispersionfor thermody-
namic reasong 10]. We believe,however,that this mecha-
nismaloneis not sufficientto explainthe dynamical features
of the long recirculatingtilted aggregateobservedexperi-
mentally [4]. We do not invoke any further (dipole-dipole
interactionsin this paper,concentratinginsteadon the dy-
namical processe®riginating from the perturbationsof the
ionic distributionsfar beyond the Debye layers, that is at
lengthscalesmuchlargerthan« !, the Debyelengthof the
electrolyte.

Classically,thesesmall amplitudebut large scalepertur-
bationsof theionic distributionsbeyondthe Debyelayersare
thoughtto be negligible in the limit of vanishingapplied
electric field (i.e., E,—0) since they appearto be of the
orderO(Eg) as comparedo the leadingperturbationof the
order O(E,) [9]. In fact this “weak electricfield” resultis
contingentuponthe a priori assumptiorthatthe equilibrium
state(i.e., E;=0) correspondso the limit of the actualdy-
namical problem at vanishing applied electric field (i.e.,
Eo—0). However,this limit may generallybe singular, as
we will show,andthevalidity of a straightforwardexpansion
is questionable.

The plan of our discussionis the following: In Sec.ll we
discussthe electroneutralitybreakdownbeyondthe Debye
layer. We startby showingthat the ionic concentrationgire
perturbedover large distances(i.e., wave vectorsk< k) in
the vicinity of a single undeformablemacroionunderelec-
trophoreticmigration.In the dc regime,we find in particular
that theseperturbationscorrespondo a quasistationangsalt
depletion—inthevicinity of the moving macroion—whichs
globally independent of the amplitudeof the appliedelectric
field. We thenarguethattheseout-of-equilibriumdynamical
effects—betteknown in the contextof electrodialysiswith
fixed chargedmembranes—Ieatb the breakdownof (equi-
librium) electroneutralitybeyondthe Debyelengthscales.

In Sec.lll we discusslarge scale electrohydrodynamic
flows in quasi-2Dconfinedgeometry.This large scaleviola-
tion of strict electroneutralityeventuallytriggers,underelec-
tric field, someelectrohydrodynamifiows within the colloi-
dal dispersionthat we first study in the large length scale
“Hele-Shaw” approximationfor a quasi-2Dgeometry.We
proposen this sectionthatthe two anglesof tilt of the elon-
gatedaggregatembservedexperimentallyin this geometry
(i.e., 45° and 60° at respectivelylow and high frequency
correspondn fact to two distinct dynamicallimit regimes
that can be describedanalytically.

In Sec.lV we discusghe electrohydrodynamipatterning
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ponentialamplificationof small perturbationsarounda per-
fectly uniform macroiondistribution) we arguethat the dy-
namics of the macroion density fluctuations is actually
highly sensitive,at long time andlarge length scaleso the
presenceof thermal noise. This suggestghat the observed
electric-field-inducedegregatiomight in fact correspondo
a noise-driveninstability assupportedby someexperimental
evidenceWe finally show,usingnumericalcalculationsthat
the large scaleelectrohydrodynamiflows originatingin the
presencef preexistinginhomogeneousdistributionsof mac-
roions are able to dynamically selectsome quasistationary
patternsin good agreementvith thoseobservedexperimen-
tally. This is the strongestresultsupportingour approach.

II. ELECTRONEUTRALITY BREAKDOWN BEYOND THE
DEBYE LAYER

Let us first considera single undeformable macroion
within a strong electrolyte solution. Being concernedhere
with the electrokineticpohenomenaeyondthe Debye layer
we assumethat the macroionchargescan be described at
largelengthscalesk >« 1, by a smoothcontinuouscon-

centrationprofile, cM(F,t). However, we also assumethat
the essentialelectrokinetic phenomenawithin the Debye
layer of the actualmacroionare satisfactorilytakeninto ac-
countby a phenomenologicatlectrophoretianobility, ), ,
relating the averageelectric field at the macroion scale,

(E)M , to its electrophoretiovelocity Jez zM,uM<I§)M (con-
ventionallywe take unsignedelectrophoretianobilities with
zy= * 1 beingthe sign of the macroion’ chargeg In addi-
tion, we assumefor simplicity that this primary electro-
phoreticmotionis perfectly“free-draining,” thatis, with no
convectiveflow in the solution at larger scalesthanthe De-

byelength,i.e., v =0 in thefixed frameof referenceatlength
scalesk 1>« 1 [11].

Our aim is now to evaluatethe first convectivecorrection
to this primary free-drainingelectrophoretianotion associ-
atedwith the occurrenceof electrohydrodynamidlows due
to the large scalebreakdownof local electroneutralityin the
solution surroundingthe macroion. We will arguein this
sectionthat this violation of electroneutralityat large length
scalesj.e., k 1>« 1, isrelatedto the dynamicalperturba-
tion of the local saltconcentrationn the vicinity of the mac-
roion underelectrophoretienigrationthroughthe electrolyte
solution.

A. Electrokinetic equations

The uniform transportationof the concentrationprofile,

cM(F,t), describingthe distribution of chargesof the unde-
formable macroioncan be written as

dCy+ (Vetvp)-Vey=0, 2.1

process.The generalproblem of the three-charged-species Whereve=zuum(E)y is the macroionelectrophoreticve-

system'‘macroion, coion,andcounterion”is discussedvith
anemphasi®n the separatiorof time scaledetweerthe fast
dynamicsof the small ions and the slow dynamicsof the
macroion density fluctuations. Although we find that this
modeldoesnot exhibit “classical” instabilities(i.e., no ex-

locity definedaboveand Jh is the (weak electrohydrody-
namic convectionof the solution, at the scaleof the macro-
ion, that we would eventuallylike to evaluate.

The uniform electrophoreticdrift of the macroionthen
generatesomeout-of-equilibriumlocal perturbationsof the
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small coion and counterionconcentrationssince Poisson’s
equation(2.4) couplestheir conservationequationsto the

concentrationprofile of the macroion charges,cM(F,t).
Namely,

9Ci+V-(=D, Ve, +u,c E+c,0)=0, (2.2
atc,+€'(—D,ﬁc,—u,c,é+c,5)=0, (2.3
ﬁ-ézi(c —C_+2zyc )=& (2.4
geg T MM eg, '

wherec+(F,t), c_(F,t), D,,D_,andu., u_ arerespec-
tively the local concentrationsdiffusion constantsand abso-
lute values of the electrophoreticmobilities of the small
monovalentons. e is the elementarycharge g £ the dielec-

tric constantof the solution,and pe(F,t) is the local charge

density. Finally, v is the local convectionin the solution
surroundingthe macroion(which we distinguishin this sec-

tion from v n, the convectionat the scale of the macroion).

As this nonlinearsystemis alsocoupled—viaz;—to some
hydrodynamicequation—e.g.a Stokes-like equation—the
generalproblemis a difficult task that can only be tackled
within someapproximationscheme.

B. Approximation scheme

As we alreadydiscussedn the Introduction,the classical
perturbativeapproachto handlesuchan electrokineticsys-
temis to makean expansioraroundthe equilibrium state(no
field applied with respectto the amplitude of an applied
electricfield, supposedlysmall comparedo the equilibrium
electricfield within the Debyelayers[9]. However,sincewe
are interestedherein the electrohydrodynamiphenomena
beyond the Debye layers—wherethe equilibrium electric
field vanishes—weannotresortto this classical‘low elec-
tric field” approximationto overcomethe complexity of the
couplednonlinearelectrokineticequations.

The alternativeschemewe proposeis to start from the
far-from-equilibriumregimecorrespondingo the electrolyte
solution with no macroion (i.e., c,=c_=cg) undersome

(strong finite electricfield EO. We thenmakean expansion
around this uniform electrokinetic regime—uwriting

E= §o+ 6I§, c,=cCgt+ 6c, , etc.—with respectto the sup-
posedly small perturbationsdue to the macroion presence
that we model, at large scales,by a smooth concentration

profle of  monovalent charges, cM(F,t)—with
|Vemlmax—cwm,, /', where/ is the macroiontypical size,
/>k~ 1. This approachrequiresin particular Cm,,,<Cs:

which correspondso a solutionof high ionic strength.More
preciselyone can show (seebelow) that the ratio c,\,|max/cS

canbe takenasthe small parameteto linearizethe conser-
vation equations (2.2 and (2.3 (i.e.,
SE/Ep~dc, e~ dc /cs~cMmaX/cS<1) when the applied
electricfield E, verifiesthe following condition:

eEy/ -

T b (2.9
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which ensuresthat the out-of-equilibrium perturbations

dominatethe equilibrium distributionsSE®9, 5¢® and 8¢9,
hence simplifying the discussion for the far-from-
equilibrium regime. This condition typically holds for
Eo>100V/cm with /=1 um and cy _/c~0.01 corre-
spondingto the experimentakonditionsreportedfor the ob-
servationson \-DNA solutions[1,4,17.
Thenlinearizingand combiningequationg2.2) and (2.3
to form the quantitiesS=46c,+46c_ and R=6c_—ébc, ,
andneglectingthe convectivetermfor S andR (i.e.,assum-

ing that|v|<D//~1000 um/s) we obtain

9S—DAS— uEq - VR=0, (2.6)
I R-DAR— puEq-VS— u2cV-E=0, (2.7)
where we have assumed that D,=D_ =Dy and

M= pm_=us=De/KT for simplicity [13].
As we areinterestedn evaluatingthe (largescale devia-
tionsfrom electroneutralityjt is conveniento combineEgs.

(2.6) and (2.7 with Poisson’s  equation,
pe=e€(Zycy—R)=¢eeyV - SE, which gives
> 2 Pe
atS_DSAS:,LLSEO 'V(ZMCM_ E) y (28)
ZM(?ICM - ZMDSACM - l’vséo . 68
1 2
:E(DSK pe—DsApetdipe), (2.9

where we have introducedthe expressionfor the Debye
lengthin the electrolyte,x = ek T/2e7cs.

Althoughthe coupledlinear systemcanbe exactlysolved,
we will gainmorephysicalinsightinto the experimentaskitu-
ationsof interestwith somefurther approximationsAt large
length scales k1>« 1, andlong time scalest>1/D 4«2,
we canevaluatethe chargedensityp, from Eq. (2.9) as

e N -
Pe=p 2 (ZmACu—ZuDsAcy— usEy - VS). (2.10
S

Using this resultin Eq. (2.8) we then obtain, at these
lengthandtime scales(i.e., k 1>« andt>1/D¢?),

-1

eEoK 2 2
5S—Dy AS+| 7| 7S

=zyusEg - Vey
(2.11

whereéo is takenparallelto the y-axis.

In most practical situations we have eEqx 1/kT<1,
which corresponds to a maximum electric field,
Eo, .= KT/(ex %), generallymuch higherthanany attainable
experimentalsituation without turbulentheatconvectionor
bubblesformation (e.g., Eo, .= 2% 10° V/cm for T=300K
andx =102 m). Hence Eq. (2.11), describingthe pertur-
bation of the local salt concentrationcan generallybe fur-
ther simplified to

9S—DAS=2zyuEq Vey . (2.12
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Theseadditionalapproximationsactually amountto par-
tially decouplingthelinear system(2.8) and(2.9), which can
now be solvedin two successivesteps:we first evaluatethe
local perturbationof the salt concentrationwith Eq. (2.12
[i.e., assumingelectroneutralityin Eq. (2.8)] and the first
correction to electroneutralityis then obtained, at large
length and time scales by substitutingthe resultfor S into

Eqg. (2.10.

C. Perturbation of the salt concentration

It is instructiveto note that the perturbationin salt con-
centrationdue to the macroionpresencds easily solvedin
the particular caseof a 1D distribution of fixed charges,
cu(y), perpendicularlyto the direction of the electricfield

Iio. If we alsoassumdfor simplicity) a symmetricdistribu-
tion aroundthe origin, with atypical width L, we find alocal
quasi-stationaryegimeat long time scalest>L?/Dy, in the
regionof the distribution (i.e., |y|<L),

zyeE
Sy0== T

[ewnay, a3

which correspondgo an antisymmetricprofile with a net
depletionof smallions on one side of the fixed distribution
and an excessof salt on the otherside. Thentheseconcen-
tration perturbationsprogressivelyextend by diffusion be-
yond the regionof the fixed distribution,i.e., over the range
L<|y|<Dg. This well known phenomenongalled elec-
trodialysis,is in fact widely usedto deionizeelectrolyteso-
lutions by applyingan electriccurrentacrosgfixed) charged
membranes.

We now turn to the caseof a uniformly transportednac-
roion, cM(F,t)EcM(F— Fo(t)), where Fo(t) is the origin of

the moving frame, i.e., Fo(t) =ve+ vy in Eq. (2.1). It is then
convenientto take the Fourier transformof Eq. (2.12 de-
fined as Sp(t) =/ [ fS(r,t)e'*Tdr, noticing that the Fourier
components of the macroion profile, Cy(t)
= [[feu(r —ro(t)ekTdr, canbe written as

éE(t):eiE'Fo(t)ffJ'CM(Fr)eilz-F’dFlEeiIZ-FO(t)CIZ,
(2.19

whereCy is independenof time for anundeformablemigrat-
ing macroion.Hence,Eq. (2.12 becomesn Fourierspace,

IS+ Dk2Si= — zy e -IKCE M. (2,15

We cansimilarly definethe “transported” Fourier com-
ponents of S—in the reference frame of the moving
macroion—as

Si(t)=e ko0 S(t), 2.16

which allows us to expressEq. (2.15 as

9Si+iK-voSi+DK2S;= — ZyusEo - iKCp, (2.17)
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where 50= -Fo(t) is the velocity of the migrating macroion.
At linear order in CMmax/Cs’ only the leading term of v,
shouldbe keptin Eq. (2.17), thatis, v=2zy xyEo-

For a dc field, the differential equation(2.17) is thentrac-
table and gives,with theinitial conditionsSg(t= 0)=SQ,

ZypsEo - TKCy (1- o~ (DgkZ+ 2y g -iﬁ)t)

S(t)=—

Dsk2+ ZMMMEO ||2

+Sgef(DSk2+ZM,U‘MEO -ilZ)t. (21&
At long time scales,t>1/Dk?, the transportedFourier
componentSg(t) thereforebecomegjuasistationary,

ZyusEo -iK
Si=— MMsEo - ;.
Dsk2+ZMMME0 |k

(2.19

Fort>/?/D, thisimpliesthatthe electrophoretienigration
of the macroiongeneratesin its vicinity, a quasistationary
andasymmetrigerturbatiorof the saltconcentrationln par-

ticular, we notethat Sg= — (MS/MM)fchF<O corresponds
to aglobal (out-of-equilibriunm depletionin saltin the region
of the macroion. More preciselythis requirestaking the limit
t—oo first andthenk— 0 sincet>1/Dk? is assumedn Eq.
(2.19. In fact the total amountof saltis naturally conserved
in the system[i.e., 4;S5(t) =0], however,the salt excess
coming from the quasistationarydepletionin the region of
the moving macroion leads eventually to a vanishingin-
creasein salt concentrationn the restof the solution since
this is spreadover a diverging volume at long time scales.
One can get further physicalinsight into this salt depletion
oncerealizingthatit merelycompensatefor the (local) con-
tribution of the moving macroionto the uniform total electric
currentasis immediatelyseenin the formal case,us= uy
andD4=0 (then S= —cy,). Finally, note that this quasista-
tionary depletionin salt concentrationin the vicinity of a
macroionin electrophoretianigration,Sg, is independent of
the applied electric field. Clearly, this type of singular dy-
namical behavior cannot be obtainedwithin the classical
theory of electrophoresisince the perturbations(from the
equilibrium statg arethen constructed to be proportionalto
the appliedelectricfield Eq [15].

D. Out-of-equilibrium deviations from electroneutrality
Oncethe salt profile hasbeendeterminedwe then have
the first correctionto large scaleelectroneutralityfrom Eq.

(2.10 anddicpy=—2zpyum Iio ~€CM [thatis, Eq. (2.1) at first
orderin CMmax/CS]’

MM éo ~€CM ZMkT
s  2Cg e2c, oM

Eo- ﬁs)
2Cq

pe=880€~ 5@2880

(2.20
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Thefirst termin theright-handsideof Eq. (2.20, depend-
ing explicitly oncy, , isthedynamic chargedensityarisingin
closevicinity to the migrating macroion(i.e., with uy # 0)
due to the time delay of the local electric relaxationwhere
the macroionpasses through the electrolyte[electric relax-
ationtime: 1/D¢«? in Eq. (2.10].

The secondterm of Eq. (2.20, dependingalso explicitly
oncy , istheapproximatechargedensityat equilibrium (that

is for I§0=6) dueto the macroionpresence.

The strongelectricfield condition,eEy//kT=1, ensures
that the dynamic chargesdominatethe equilibrium charges
atlargescalesk '=/. In addition,Eq. (2.19 suggestshat
thefirst andthethird termsin Eq. (2.20) havethe sameorder
of magnitude(as uy and us haveusually similar numerical
values, which allows usto check,with Eq. (2.20, the con-
sistency of the linearization conditions JE/E,
~8lcs~cy _Ics<1 announceckarlier.

However,the net bulk chargecorrespondingo the third
term,i.e.,

Eo-VS
2cg

Pe,= "EEQ (2.21

typically extends over micrometers into the solution sur-
rounding the moving macroion—that is, k1!
~Dg/upmEog=1—3 um in Eg. (2.19. It is relatedto the
variation of electric conductivityin the vicinity of the mac-
roion dueto the perturbatiorof the saltconcentrationS. One
can visualize this large scalechargedensitypeS by stating
thatthe small cationandanionconcentratiorprofiles,which
addup to give the total salt profile, becomeshiftedin oppo-

site directionsunderéo by a tiny distances’ scalingas

-1
r— 880E0 _ eEoK «

-1
e2cg kT ' (222

Although &’ is typically a picometriclength,the associated
polarizationof the salt profile is enoughto enforcea quasi-

uniform electriccurrentjz (2¢cs+S) (éo+ 5I§), in the solu-
tion surrounding the macroion as Eq. (2.20 becomes

\% -]20 wherecy,=0. We will furtherarguein thefollowing
sectionthat this apparentlyweak violation of local electro-
neutralityover micrometricscalesjn the electrolytesolution
surroundingthe macroion,is also sufficientto lead to sus-
tainedelectrohydrodynamiflows within the solution.
Finally we wantto stresghatthe smoothmacroionprofile
approximationwe madeis merely a handy toy model for

which the appliedelectricfield éo dominatesat all scalesin

the polyelectrolytesolution. A more physicalmodel should
explicitly take into accountthe usually much higherelectric
field within the Debye layer. We expect,however,that the
electrokineticphenomenaeyond the Debye layer—where
the electricfield vanishesat equilibrium—shouldstill corre-
spondsemiquantitativelyfo the physicswe describewith this

simple model.
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1. LARGE SCALE ELECTROHYDRODYNAMIC FLOWS
IN QUASI-2D CONFINED GEOMETRY

As alreadyhinted at in the previoussection,we expect
that the breakdownof (equilibrium) electroneutralityin the
solution surroundingthe macroionsgeneratesunder strong
electricfield (to be estimatedn the Sec.1V), electrohydro-
dynamicflows within the macroiondispersion.Theseflows
are satisfactorilydescribedoy a Stokes-likeequationat suf-
ficiently low frequencyof the electricfield andin theregime
for which thevorticity diffusesfasterthantheelectrophoretic
motionoverthetypical width, L, of the macroionaggregates
[16]. This correspondsto v/L?>w and v/L?> uyEy/L,
wherev=7/p=10"°% m?s is the dynamicalviscosity and p
the massdensityof the dispersionFor solutionsof A\-DNA,
we find that this regime correspondgo w<w/L2=10* Hz
and Eq<v/(uyL)=3x10* V/cm, which clearly holds ex-
perimentally[1,4].

Hence,in this limit, we havethe following relation be-

tweenthe (first orden local electricforce pegéo andthelocal
velocity v in the electrolytesolutionsurroundingthe macro-
ions (seeAppendixA):

nAJ—€P+peSéo=6, (3.0

with  p = —eeoEq - VS/2cs, (3.2

where n is the solventviscosity and P the pressurein the
solutlon v alsohasto satlsfythe|nc0mpreSS|b|I|tycond|t|on

Vo= 0, andthe boundarycondltlonSU = 0 at the macroion
“surfaces” and at the recipientwalls (thatis in the labora-

tory frameif no electro-osmosiwccurs. The flow v turns
out to dependcrucially on theseboundaryconditionsfor the
dc regime that we have investigateduntil now, since the
electricforce behavesas a dipolelike term at large scalesin

this electrostaticanalogequation[14], i.e., |peq|§0|(|2) ~k as

k—0 [from the Fourier transform of Eq. (2.21) and Eq.
(2.19 atlargescalesk '>D¢/uyEq]. In particularwe ex-
pect that experimentsunder different confined geometries
will develop,in general differentdynamicalstructures.

In this sectionwe limit our studyto the quasi-2Dconfined
geometrycorrespondingo the experimentalconditionsde-
scribedin the Introduction.In sucha geometryone usually
makes the well-known Hele-Shaw approximation, which
greatlysimplifiesthe boundaryconditionproblemon the two

confiningplates.It statesthatif — VP+ pegéo is essentially

independenbf z, the coordinateperpendiculato the confin-
ing plates,thenthe Stokesequationsimplifiesto the follow-
ing 2D form at scaledargerthan2a, the separatiordistance
betweenthe plates:

27 -

— —2 v2p(XY)

a —V2pP+(peEo)2p=0,

(3.3

wherev,p is in fact the maximumvelocity of a Poiseuille

profile betweerthe plates:v (x,y,z) = (1—z2/a2)v (X, Y).
Since the Hele-Shaw approximation holds for length
scaledargerthan2a, we cannotconsiderindividual macro-
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FIG. 4. Infinite bandtilted with respecto the directionof theac

electricfield EO. Theelectrohydrodynamishearingat the (smooth
interfacesof the deformablebandis drawnschematically.

ionsanymore assumingnsteadthat macroion“aggregates”
(or macroiondensityfluctuationg, somewhatargerthan?2a,
existwithin the Hele-Shawcell. At thesescalesy is thenthe
effective viscosity of the dispersionwhich we assumeo be
independenbf the macroionlocal concentrationin a crude
approach(i.e., leadingorderin CMmaxlcs)' We postponefur-

therdiscussiorof the primary segregatiomprocess—fronin-
dividual macroionsto aggregates—tthe next section.

For the sakeof simplicity we will further assumen this
sectionthat the formed aggregatesare quasi-infinite bands
tilted with regardto the direction of the electricfield in ob-
viousreferencdo the experimentabbservationsLet usthen
assumethat a quasi-infinite tilted bandlike aggregateof
width L hasformedin the Hele-Shawcell. One candefinea
systemof referenceXY with theY axis parallelto the band
andwe call # theangleof tilt of the bandwith regardso the
direction of the electricfield (| 9| <90°) (seeFig. 4).

We modelthis bandasa whole by a smoothconcentration
profile of monovalentcharges,cy(X,t), independenf Y
andwe usethe fact that the primary electrokineticohenom-
enonunderelectricfield is still a uniform migration of the
bandwith electrophoretianobility w«,,, as for the caseof a
singlemacroion(seefull discussiorin the nextsection. Al-
thoughthe generalkelectrokinetigproblemis usuallycomplex
whenanac electricfield is applied,we will how seethatthe
situationis actually tractablein the two following limit re-
gimes:

If the electric field frequencyis smallerthan the relax-
ation frequencyof the salt perturbationj.e., o<D4/L?, we
expectthat the theoreticalapproachdevelopedor a macro-
ion in the dc regimeshouldalsohold for the bandlikeaggre-
gateitself. In particular,for uyEq sin(f)/L=D4/L’>w, the
periodicdrift of the bandis largerthanthe bandwidth[i.e.,
umEo/w=L/sin(¥)] and a quasi-dcsalt depletiondevelops
in the vicinity of the moving band.In practicethis dc limit
regime will apply for bandlike aggregatesinder low fre-
guencyac field.

If the periodicdrift of the bandis smallerthanits width
[i.e., umEq/w=<L/sin(f)] the associatedperturbationsof
cu(X,t) areexpectedo be small. This will allow usto de-
velop a perturbativeapproachfor this aclimit regimecorre-
spondingto bandlike aggregateaunder high frequencyac
electricfields.
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Numerically, we find in fact, D¢/L2= puyEy/L=10 Hz,
which suggeststhat these regimes define, in practice, a
simple partition of the frequencyspectrumin apparentcon-
cordancewith the low frequency(w/27<10 Hz) and high
frequency(w/27>10 Hz) experimentakregimesrecalledin
the Introduction[4]. We retain, however,in the following
discussion,the less specific denominationof “dc and ac
limit regimes.” Indeedwe will arguein Sec.lV that these
regimesalso describe,at a given frequency,the physicsat
shortlengthscalesk <D k/w < unEq/w, andlargelength
scalesk 1>max(uyEy/w,Ds/ ), respectively.

A. The dc limit regime

Let us first considerthe dc limit regime and apply the
results,valid for a constantelectricfield, that we derivedin
Sec.ll. We assumdor simplicity thatthe aggregatés com-
pletely deformableat scalesmuchlargerthanthe size of the
individual macroions so that the convectiveelectrohydrody-
namicsobeysStokesequation(3.3) in the Hele-Shawcell at
large scales,i.e., k 1>a. Taking the curl of Eq. (3.3 and

introducing the stream function A (52D=€x5 with

V.-A=0 whereﬁ\:Ai), one finally getsin the transported
Fourierspace:

- a? (—ik)X(—ikXEp)
UE:Z k2 peSlZ . (34)

Then  using  pe_=(eeo/209)(ik-Eg)Sk, and
Sk~ — (ms/ ) Ci from Eq. (2.19 in the strongfield limit
Eq>Dk/uy , we find,

(—ikXEg)(—ik-Ep)
k? '
(3.9
This generalresultcaneasilybe inverseFouriertransformed

for the bandlikegeometry.One obtainsthe following shear-
ing flow at the bandinterfaces:

2
°%0 #s % E2 cog )sin )[ 2% Vou(X)].

v2p(X)~ 2¢. o 27
(3.6

Notein particularthatthis flow is parallée to the bandinter-
face(Fig. 4) sothatthe associatedonvectionof the deform-
able bandlike aggregate is indeed stationary [i.e.,
d;Ci(t)=0] aswasimplicitly assumedn the derivationus-
ing theresultsof Sec.ll for anundeformablenacroion.The
shearingvelocity dependson the sign of the tilt angle 6 in
accordancevith qualitativeexperimentabbservationput is
independentof zy,, the sign of the macroions’ charges.
Moreoverthe velocity amplitudepredicted(up to a few tens
um/s) is in semiquantitativeagreementith the experiments
and, in practice, within the linearization condition
|v|<Dg/L=100 um/s for L=a=10 um.

In addition, we note that the stationary regime corre-
spondingto the maximum shearingvelocity occursfor the
angleof tilt #= £45°. We will discussn thefollowing sec-
tionsthis striking concordanceavith the observedilt angleof
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the aggregatesin Fig. 1 (with w/27=2Hz and
VDg/w=upEq/w=3L correspondingndeedto thedc limit
regime.

B. The ac limit regime

Considemow atilted bandof width L underanacelectric
field, Eq(t) =Eg cost). The primary electrophoreticdrift
of the bandis then (at leadingorderin CMmax/Cs)’

- sin(wt)
zZypmEo

Fo(t)= (3.7)
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In the aclimit regime,it is smallcomparedo the bandwidth
[i.e., umEq/w<<L/sin(f)], and we have for large length

scalesk 1>|ry|,

sin(wt)
ek o =1 +ik-Eqzymm n( +

(3.9

Using this approximationin Eq. (2.15 we obtain at long
time scalest>L?/D, thefollowing periodicperturbatiorof
the salt profile in the region of the band:

) P | Dk? cogwt)+w sifwt) - - Zyuwm 3D K%w sin(2wt)
Sk(t)~ —ik-EqzmusCy DK+ w? —ik-Eq 2 | (DK+40?) DK+ )
(D2k*—2w?)cog 2wt) 1
+ =7 ATV a2t (3.9
(D120 (DA + 0?) | (DT D)

This, in turn, generates periodicbulk chargedensityunder
the acfield E= E, cost) as[Eq. (2.21) in Fourierspacé

(3.10

880 e = ~
Pes™ 55, 1k E)cog o) SiV)
andwe finally get, after averagingSy(t)cos(wt) over a pe-

riod, anexpressiorfor the time averagedrelocity. From Eq.
(3.9), this givesat first orderin ), [17] andfor Iargelength

scalek !> \/D;/w (onehasalsoto makeuseof VX SE=0
while taking the curl of Stokesequation

<UIZ> - 3205 (,()2 2_(_IkCIZ)
—iKXEg)(—ik-Eg)3
! OI)((z o (3.12)
Hence,
3 [ uwEo K\
~dc MmEo -
(v Uk 1_6 T) . (312)

This decreasef the averagecdconvectionvelocity v with
explains semiquantitativelywhy the observationof these
electrohydrodynamidlows requiresexperimentallystronger
electricfieldsif oneincreaseghe frequency[1].

Equation(3.11) canalso be inverseFourier transformed
for the bandlikegeometry Oneobtainsthe following station-
ary shearingflow at the bandinterface:

3880 psuy @2 .
3%, o 2—E0 cog )sin’( )

cu(X).

(Vap)(X)~

X (zZXX)V?3

(3.13

As for thedclimit casetheshearingvelocity is in semiquan-
titative agreementvith the correspondingexperimentsithe

direction of recirculation (dependingon the sign of 6) is

identicalto that of the dc limit regime(seeFig. 4) andalso
independenbf zy,, the sign of the macroions’charge.How-

ever, we note that the maximum shearingvelocity of the

bandoccursnow for a largertilt angle,§= %+ 60°, for thisac

limit casein concordancevith the experimenof Fig. 2 (with

w/27=100Hz and uyEq/ w=L/10).

Interestingly,we note alsothat the electrohydrodynamics
is much lesssensitiveto the boundaryconditionsin the ac
limit regime,as comparedo the dc limit regime,sincethe
averageelectric momentumnow behavesn Eg. (3.1) asan

octopoleat largescalesj.e., |pegI§0| (k) ~k3 ask— 0. Hence

we canstudythe caseof an infinite polyelectrolytesolution
in the ac limit regime.

Finally we emphasizeagainthat the shearingregimesof
the bandlike aggregatesve have consideredn this section
arevery specificdynamicalregimessincethe overall (band-
like) shapeof the aggregates globally preservedunderthe
deformation.In contrastwe expectthat, for a macroionag-
gregateof arbitrary shape,the electrohydrodynamidiow,
originating from this macroioninhomogeneity)eadsalsoto
the deformationof the global shapeof the macroion-rich
domainitself [i.e., 9,C(t) #0]. This, in turn, will affectthe
geometryof the electrohydrodynamiflow, sothatthe global
solution will eventually undergosome complex evolution.
The study of thesedynamicalprocessess attemptedn the
following section.

IV. ELECTROHYDRODYNAMIC PATTERNS

The aim of this last sectionis to presenta unified ap-
proach investigating these electrohydrodynamic‘instabili-
ties” for the three-charged-speciesnodel: macroions,
coions,andcounterionsin the nextsubsectionye introduce



5696

anadditionalequationto the generalklectrohydrokinetisys-
temdiscussedn Secsll andlll, to describethe dynamicsof
the macroiondensityfluctuationswithin the electrolytesolu-
tion. We arguethat this kinetic equationcontains—insome
limit—the essentiahonlinearitiesof the systemthat canbe
solved,at long time scaleswith the quasistatiaesponsesf
the small ion distributions and the electrohydrodynamic
Stokesflow. We find thatthis three-charged-speciesodelis
linearly stablewhenthe effectsof stochastidluctuationsare
neglected However,we then arguethat the nonlinearelec-

trohydroconvectiveterm (v-Vcy,) actually dominatesthe
long time, large scaledynamicsof the macroiondistribution
whenthesestochasticeffectsareincludedin the description
of the macroiondynamics.This suggestghat the electric-
field-inducedsegregationmight in fact be a noise-drivendy-

namicalprocessassupportedy someexperimentakvidence
(Sec.lV A). We leave aside,however, further quantitative
discussiorof this delicatenoise-drivenmechanisnfar away
from the equilibrium homogeneoustate of the dispersion.
Finally, we demonstrateumericallythe ability of our model
to accountfor the formation of quasistationarydynamical
structuresfrom a preexistinginhomogeneousnacroiondis-

tribution in a Hele-Shawcell. Thesenumericalresultsarein

good agreementwith correspondingexperimentalobserva-
tions (Sec.lV B).

A. A three-charged-species model
1. Electrokinetic equations

Let us call vy, , thelocal macroion concentration in the
electrolyte We first follow the usualapproachassuminghat
the dynamicsof the local concentrationscan be described
neglectingthe effectsof stochastidluctuations We therefore
expectry to verify at largescalesk > 1/ vy)Y3, thefol-
lowing dynamic equation(called the Smoluchowskiequa-
tion):

(?IVM+€'(_DM€VM+ZMILLMVME+ VMl;):O, (41)

whereD,, andzy,u, arerespectivelythe diffusion constant
and the electrophoretiomobility of the macroions.At these
scaleswe alsohave vy, =cy /Ny, wherecy, is the concen-
tration profile of the (monovalenk chargesassociatedvith
the macroionsand, Ny, the numberof elementarycharges
per macroion. Hence the complete three-charged-species
electrohydrodynamisystemcanbe modeledwith threecon-
servationequations,

9C,+V-(=D, Ve, +u,c E+c,0)=0, (4.2

gC_+V-(-D_Vc_—u_c E+c_0)=0, (4.3

atVM+€'(_DM€VM+ZMMMVMé+ VMl;):O, (44)

wherethe nonlinearelectrophoreticurrentscouplethesedy-
namic relationsto Maxwell’s electrostaticrelations(in the
absencef magneticfield),

\ é—i(c —C_+2zyC )—&
eeg o MM ey

(4.5

H. ISAMBERT, A. AJDARI, J-L. VIOVY, AND J. PROST

56

VXE=0, (4.6
whereaghe nonlinearconvectioncurrentsrequiresomefur-
ther electrohydrodynamiconstitutive relation coupling the

local flow v to theionic concentrationgndthe local electric
field in the solution (note that v,,=v at theselength scales
k™ 1>1wvy)Y3 seeSec.ll). As a crudemodel we assume
that this can be accountedor, at large scales,by a simple
Stokes-likeequation,

nAJ—€P+peSé=6, 4.7

where 7 is an effective viscosity and p . the chargedensity

in the electrolytesolution surroundingthe macroionsas dis-
cussedn Sec.ll (seealsoAppendixA and[16]). This flow

mustalsoverify theincompressibiIityconditionﬁ v= 0,and
the appropriateboundaryconditionsat the rigid walls. The
resulting nonlinearpartial differential equations(PDE) sys-
tem[Eqgs.(4.2), (4.3, (4.4), (4.5), (4.6), and(4.8)] is clearly
not tractableanalyticallyin the generalcaseandapproxima-
tions are necessaryo allow further progress.

2. Approximation scheme

Let usfirst considerthe large scaleelectrohydrodynamics
within a Hele-Shawcell of thickness2a (k™ *>a), which
we introducedabove.In this quasi-2Dconfinedgeometrywe

get,introducingthevectorpotential,&=A(x,y)% perpendicu-
lar to the confining plates[with v,p(X,y) =V XA],

2y - - - -
- ¥AA+ Vpe XEo=0, (4.9

where we have used Maxwell's equation (4.6) and
V-A=0.

Although the simplified nonlinear generalsystem[Eqgs.
(4.2), (4.3, (4.9, (4.5, and (4.9)] is still not tractableana-
lytically we canfurther progressaswe areinterestecherein
particular situationswith (large macroionsdiffusing much
more slowly thanthe (smal coionsand counterionsTypi-
cally, this correspondsto Dy =D4/1000=10 2 m%s for
macroionsin the micrometerrange, whereasthe electro-
phoreticmobilities (w_ , w, , andwy) haveusuallysimilar
numericalvaluesat high ionic strength.Hencethe relative
weight of the stabilizing diffusive termis muchlessimpor-
tantin the macroiondynamicalequationthanin the corre-
spondingequationsfor the small ions. This meansthat the
nonlinearitiesof the electrophoretiand convectivecurrents
are potentially much more destabilizingfor the macroions
[Eq. (4.4)] thanfor the smallions[Egs.(4.2) and(4.3)]. We
thereforeexpectthat, at someintermediateelectricfield, the
essentialnonlinearitiesof the systemlie in the macroion
Smoluchowski equation (4.4) whereas the conservation
equationdor the smallions canbe linearizedasdiscussedn
Sec.ll [Egs.(2.6) and(2.7)]. Namely,

9 S—DAS— puEq - VR=0, (4.9

HR—DAR— uEq-VS—us2cV-SE=0, (4.10
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&tVM‘FZM,LLMéO'VSVM‘FV_)'(_DM'SVM‘FZM,MMVM(SE
(4.10

wherewe againassumedD , =D _ =D (with Dg>D,,;) and
my=pu_=us=De/kT for simplicity [13]. As previously
we defineS=édc, +46c_ andR=6c_—ébc, .

Hencethe nonlineardynamicequationfor the macroions

[Eq. (4.1D)] is now coupled(via SE andz;) to alinear PDE
system[Eqgs. (4.5), (4.9), (4.9, and (4.10]. Although the
global systemremainsinsoluble analytically, we can still

progresswith furtherapproximationsaswe will now discuss.
Considersome large scale spontaneoudluctuation of the
macroiondistributionwith typical wavevectork (k '>a).

Under strong electric field we expect—fromthe discussion
of Sec.ll—that the primary electrophoretiomotion of this
macroiondensityfluctuationgeneratesomelarge scaleper-
turbationsof the saltconcentrationlf we furtherassumethat
the dynamicalevolutionof this macroiondensityfluctuation
is much slower (in the electrophoretionoving frame than
theresponsef the saltdistribution(i.e., if significantevolu-
tions of the macroiondistribution occur at long time scales
t>1/Dk?) we canthen estimatethe electricfield perturba-

tion SE andthe eIectrohydrodynamiconvectioru; usingthe
resultsof Secs.l andlll wherewe assumed uniform elec-
trophoretic transportationof some undeformablemacroion
profile: cy(r,t)=cpy(r—rq(t)).

UsingEg. (2.20 and,e.g.,Eq. (3.6) to estimateSE andv,
respectively,one can then check that this assumptionof
“quasistatic” salt perturbation(in the moving frame) is usu-
ally well verified in practical situations(that is, Dk, v,
um OE<Dgk). Hence,the long time dynamicsof the macro-
ion distribution can be estimated,in the moving frame
(di=0i+zyumEq - V), by the following nonlineardynamic
equation:

+ VMl;):O,

dtVM_DMAVM+ZM,LLM€'(VM(SE)‘FI;'VSVM:O,

(4.12

where&é(vM) and l;(VM) areevaluatedasin Secs.ll and
I, by solving the remaininglinear PDE system[Egs. (4.5),
(4.9, (4.9, and (4.10] with the assumptionthat, under a

strongelectricfield EO, the shorttime scaledynamicsof vy,
is a uniform electrophoretic migration, i.e., divy

=divm+ Zuism EO -ﬁvM =0, asfor the caseof anundeform-
able macroion(Sec.ll).

From Secs.Il andlll we havethe following in Fourier
space(with vg=Cg/Ny).

(i) In the dc limit case,i.e., k 1<Dk/w<upnEq/w,

2 A= =
~dc €89 Ms @ o (—TkXEp)(—ik-Eyp)
Ny =— — —(—ikpp) X

Uk MZCS Y 277( Ika) k2 ’

(4.13
~dc Ms MM _i'z'éo —ikug

OE; ~—Ny|l———|————. 4.1

k M(NM ,Uvs) k? 2¢q 419

(i) In theaclimit casej.e., k1> max(uyEq/w,VDs/w),
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" 3ee a2 -
al 0 MsMMm oL
(U~ Nz —o7 5, (1K1
(—ikXEg)(—ik-Eg)®
X 2 , (4.15
. ZukT -
SEXN ~ Ny ——ikvg. 4.1
( kv> M a2, Kk (4.16

3. Linear stability

Let us first considersomesmall spontaneoufluctuation,
Svy , aroundthe uniform macroionconcentrationyyy. From
Eq. (4.12 wefind that v, follows at first orderthe follow-

ing dynamicalequation[since SE(»%)=0 andv (+$)=0]:
dySvpy— DyAdvy+Zuum vy V- SE=0,  (4.17)

which becomesn the dc limit regime[usingEq. (4.14)]

di+2zy

5VM - DMAéVMZO
(4.18

) Nuvi - o
Ms i ZCS 0

S

andin the aclimit regime[using Eqg. (4.16)],

Nywvy wnkT

dt5VM_ 20
S

Dy+

)AavM —-0. (419

This showsthat vy, doesnot exhibit any “classical” in-
stability in the smallions’ “quasi-static” responseapproxi-
mation since no exponential amplification of small
modulations—aroundthe perfectly uniform distribution
vf,,—is predictedfrom Egs. (4.18 and (4.19. In fact, one
can show by a straightforwardbut tediouscalculation[18]
that the generalsystem,Eqgs. (4.2), (4.3), (4.4), and(4.5), is
itself linearly stable.We will, however,arguein the follow-
ing subsectionthat the actual three-charged-specieystem
might nonethelesse “unstable” oncewe takeinto account
the so far neglectedeffectsof stochastidluctuationson the
macroiondynamics.

4. Noise-driven pattern formation

The formationof interestingnoise-drivenpatternshasal-
ready beenshownto arise from nonlinear stochasticPDE
with no deterministicdestabilizingterm. The ideaoriginated
with the seminal paperof Kardar, Parisi, and Zhang [19]
who proposedthat interfacesgrowing under noisy ballistic
depositionof particlesundergosomekinetic roughening fol-
lowing universal dynamic scaling laws dueto the largescale
dominanceof a nonlinearterm in the stochasticequation
describingthe depositionprocessseealso[20]).

In the generalcase the “stability” of the large scalebe-
havior of the linearizedstochastiequationagainstthe inclu-
sion of nonlinearterms can be probedby the simple tech-
niquereferredto aspower counting introducedn the context
of the renormalizatiomgroup theory.Nonlineartermswhose
importanceat long time andlarge scalesvanishesunderres-
calingaresaidto beirrelevant for thelong time, largelength
scaledynamicsof the systemandcanusuallybe omitted.On
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the other hand, nonlinearterms “growing” underdynamic
rescaling cannot be generally neglected(in contradiction
with the classical analysis of linear stability) since they
modify the long time, large scaledynamicalbehaviorof the
system.

A more quantitativeanalysisinvolving dynamicalrenor-
malization calculations[19,2]] relies, however,on the as-
sumptionthat the stochastiqropertiesof the (leading noise
term are invariantunderrescaling.This condition can con-
ceivablybe fulfilled whenthe noisesourceis external to the
otherwisedeterministicsystemas in the caseof a growing
interfaceunderrandomdepositionof particles[19]. This is
to be contrastedvith the caseof systemsexhibiting internal
noise [22] that typically originatesfrom the fact that they
consistof discretethermally agitated particles, as for the
three-charged-specieystemin which we are interestedin
this paper.Indeedthe effect of suchinternal noiseon non-
linear systemsleadsto delicate conceptualquestions[23]
andwe expectin particularthatinternalnoisesourceschange
their stochastiqropertiesunderdynamicalrescaling Still, at
a qualitativelevel, we canidentify the potentialrelevanceof
the inclusion of nonlinearterms againstthe presenceof an
(interna) noisesourcewith specificstochastigproperties.

The primary internalnoisewe areinterestedn to testthe
relevanceof the nonlineartermsin our three-charged-species
systemis clearly the thermalnoiseresponsiblefor the ther-
modynamicfluctuationsat equilibrium. For simplicity, we
will limit our discussiorto the (realistio asymptoticregime
where the effects of stochasticfluctuationsand nonlinear
termsarerestrictedto the dynamicequationof the slow dif-
fusing macroions(with “quasistatic” responsesf the small
ions, as previously discussefl Following van Vliet's ap-
proachto density fluctuationsin diffusive systemgq 24| we
thereforeaddto the deterministiclinearizedequationg4.18

and(4.19 the (therma) noisesourcef(F,t) with the follow-
ing first two moments:
(f(r,1))=0, (4.20
(FrDF(r 1))y ~—2Dy V24 (r—r")a(t—t'),
(4.21)

or in Fourierspace

(FK,DF(K 1)) ~2D v k284K + k') 8(t—t'),
(4.22

whered is the spatialdimension.This leadsin particularto
the expectedthermodynamicdensity fluctuations for an
“ideal gas” of macroions(sinceall interactionshave been
neglecteg

(ovm)? 1

VOM \/VMC A

whereV is the volume of the observedsubsystem.
The study of the relevance of the nonlinear terms

ﬁ(b‘vM 5I§) and5~§5vM addedto the linearizedstochastic
equationfor the macroiondensityfluctuationsis performed
in AppendixB. As we havementionedin Sec.lll, the “ag-
gregation” betweenindividual macroionsshouldalreadyoc-

(4.23
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cur at smallerlength scalesthanthe distancea betweenthe
confining surfacesof the Hele-Shawcell. Below this hydro-
dynamic screeninglength, we estimatethe behaviorof the
electrohydrodynamidlow by changing2/a? into k? in the
Stokesequation(thatis, assuminga perfectlyinfinite system
without hydrodynamicboundaryconditions.

For the spatialdimensionof interesthere,d= 3, we find

(see Appendix B) that the non-linearterm V. (v 6I§) is
always irrelevant whereasthe electrohydroconvectivéerm

5-€5VM is relevant in the unscreened dc limit regime(i.e.,
k~l<a and k '<DKk/w<uyEqy/w) but irrdevant in all

the other regimes(i.e., screenedlc limit, screenedand un-
screenedic limit regimes. This resultdemonstratetghat the
diffusive stabilizingterm — D, A 6vy, is not sufficientto en-
surethe stability of aninitially homogeneousnacroiondis-
tribution in the presenceof both stochasticfluctuationsand
electrohydroconvectiof25]. This suggestshatthe nonlinear
convectiveterm may actually havea crucial role in the dy-

namical processesvithin the macroiondispersion(as sup-
ported by simple estimationsof ordersof magnitudein the
situationscorrespondingo the experimentakonditions;see
AppendixC). In general,we thereforeexpectthat this elec-
troconvectiveterm might generatesome large scalesdy-

namic patternsfrom the spontaneoughermalfluctuationsin

the macroiondispersion.

On the qualitative level this dynamicalsegregatiorpro-
cesswould be able to accountfor the following important
experimentabbservation$27]:

(1) Underdc or low frequencyac electricfield conditions
the solutionundergoesomecoarse graining processgener-
ating densemacroionregionsuntil the size of the globular
segregatedegionstypically reacheghe spacinglengtha be-
tweenthe confiningwalls, thatis, the hydrodynamicscreen-
ing length. The fast coarsegraining processthen stopsin
apparentagreementwith the irrelevance of the nonlinear
convectiveterm at largerscalesk '=a, as we crossfrom a
3D unscreenethydrodynamiaegimeto a screenene(in a
Hele-Shawcell or capillaries[1]).

(2) At higher frequency,when the periodic drift of the
macroionsis smallerthanthe typical hydrodynamicscreen-
ing lengtha enforcedby the experimentgeometry,we ob-
servedthat the coarsegraining processmay stop in the di-
rectionof the electricfield beforeit reacheshe sizea, asis
clearly visible in the observationson DNA solutionsin cap-
illaries showingdisk-shapeaggregateshinnerthanthe cap-
illary diametera [1]. In the dynamic scaling picture this
would correspondo the crossovermf the nonlinearconvec-
tive termfrom its relevant (dc limit) behaviorat shortlength
scaleg(i.e., for kK 1 <Dk/w< uyEq/w<a) to its irrelevant
(aclimit) behaviorat largerscales(i.e., for k> uyEq/w).

(3) Finally the comparisorbetweenthis relevant nonlin-

eartermuv - V), in theunscreenedpc limit andthe diffusive
stabilizingterm — Dy, V2»,, is expectedo give someorder
of magnitudeof the experimentaklectricfield thresholdfor
this electric-field-inducedsegregation” to occur. Taking
k™*=(wy) " andDy=kT/(7Ry), we find

E / kTcg
“Naons RN 7, 18
T SSORgNM<VM>13

(4.24)
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FIG. 5. Numericalevolution of an initially Gaussiarmacroion
distributioninducedby the applicationof a strong(horizonta) elec-
tric field in the analyticac limit regime.Spatialperiodic boundary
conditionsare used.Time scales(when the known valuesof the
experimentalparametersare used: (A) t=0s (B) t=0.1s; (C)
t=1.5s; (D) t=3 s (quasistationaryegime. ‘‘ X" indicatesthat
thelocal probability densityis at leastone-tenthof the maximumof
theinitial distribution.

for a dilute solutionof macroionsNumerically,E+ is a few
tensof V/cm for a 30 wg/ml A-DNA solutionin goodagree-
mentwith the experimentabnsetof aggregationNote also
thatE; decreasewith themacroionsize(Rg), charge(Ny),

and concentration(vy,) in qualitative agreementwith the
experimentabbservationg1].

More quantitativeprogressrequires,however,the use of
moresophisticatedechniquesuchasthe dynamicrenormal-
ization group theory and we do not addressurther the ag-
gregationproblemhere[28].

B. Numerics

Although we have seenin the last subsectionthat Eq.
(4.12 doesnot accountfor the primary segregatiorprocess,
we still expectit to give us someunderstandingf the large
scaleevolutionof a preexistingmacroion-richsegregatede-
gion under strong electric field. We have thereforesolved
Eq. (4.12 numerically,in the Hele-Shawapproximationfor
someinitially segregatediomainsof simple shape.The cal-
culationsare performedin Fourier spacewith an extensive
useof the fast Fouriertransformalgorithm[29].

Figure 5 showsthe time evolutionin the ac limit regime
of an initially 2D Gaussiandistribution of macroionsli.e.,

Egs. (4.195 and (4.16 have beenusedto evaluatez;g(vM)

and 5I§|;(VM) respectively. The known experimentalvalues
of the various physical parametershave beenusedin the
calculation and the electric field frequencyand amplitude
havebeenchoseno correspondypically to the experimental
aclimit regime,namely,E,=500 V/cm and w/27r= 100 Hz.
Within a tenth of secondthe initial Gaussiardistributionis
symmetricallyelongatedperpendicularlyto the direction of
the (horizonta) electricfield. This is due to the convective
electrohydrodynamidlow, which is shownto dominatethe
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macroionfluctuationdynamicsin this regime(seeAppendix
C). After aboutl s, the symmetryof the deformationis spon-
taneouslybrokenand a quasistationarglynamicalregimeis
reached exhibiting elongatedaggregatesilted with respect
to thedirectionof the electricfield. Finally, aftera few more
secondsthe diffusion slowly wins over the long time scale
dynamicsas expectedn the Hele-Shawapproximation(see
previoussection andthetilted aggregateprogressivelydis-
appear Remarkablywe notethat the quasistationaryegime
correspondso a +60° tilt angleof the elongateddynamical
aggregatesvith respectto the field, which we identified in
Sec.lll asthe stationaryregimecorrespondingo the maxi-
mum shearing of the bandlike aggregates. This suggestshat
thesequasistationarydynamicalstructuresare actually gen-
eratedandsustainedy anabrasion mechanisnat theaggre-
gate interface that tendsto “facet” the macroion-richre-
gions at the angle correspondingto the most efficient
abrasionprocess that is, #= *=60° in the ac limit regime.
Sucha mechanisms indeedexpectedo dynamicallywhittle
down or graduallycoverthe interfacialregionsof the aggre-
gatethat are not orientedalong the direction of fastestelec-
trohydrodynamiaonvectionat the interface thuseventually
facetingthe whole aggregatealong thesedirectionsof most
efficient abrasionprocess.

The system dimensions, combined with the periodic
boundaryconditionswe haveusedin the numericalcalcula-
tions,tendto fix the zigzagpatternperiodicity for systemsf
mediumsizes,as shownin Fig. 5, however,we checked—
performing (lessaccurate calculationsin bigger systems—
that thesechevron-likepatternscan appearevenbeforethe
deformationof the macroion-richregionreacheghe system
“edges” (datanot showr).

This numericalsolution of the large scaleevolutionof an
initially Gaussianmacroion-richregion is clearly in good
agreementwith the correspondingexperimentdepictedon
Fig. 6. In this experiment,a DNA aggregate previously
formedunderstrongelectricfield, hasbeenleft to diffusefor
about 1 minute after the electric field was turned off. A
strong electric field is then reapplied on the disk-like
macroion-richregion (E,=500V/cm and w/27= 100 Hz),
which deformsfirst perpendicularlyto the (horizonta) elec-
tric field. However, this symmetricelongationis unableto
lead to any stationarydynamicalregime and the aggregate
eventuallybreaks,after about1 s (by spontaneoudluctua-
tion), to form a stablequasistationaryigzag patternwhere
the continuously shearedlong aggregateshave indeed a
+60° angleof tilt with respecto thefield asfor the caseof
Fig. 2 correspondinglsoto the aclimit regime(but starting
initially from a dispersionat equilibrium, i.e., with thermo-
dynamicfluctuations.

Figure (7) is the numerical quasistationarydynamical
structureformed, in the dc limit regime, from an initially
Gaussiarmacroiondistribution. The £45° angleof tilt be-
tweenthe continuouslyshearedong aggregateandthe elec-
tric field alsoclearly demonstrategoodagreementvith Fig.
1, depicting the experimentalobservationsn the dc limit
conditions.

V. CONCLUSION

We havedevelopedn this paperthe basisof a theoretical
approacho describethe large scale, long time electrohydro-
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FIG. 6. Experimentalevolution of an initially quasi-isotope\-
DNA-rich region (about10 um in diametey underthe suddenap-
plicationof a strongacelectricfield in the horizontaldirection:field
amplitude 500 V/cm and frequency 100 Hz. (A) t=0s (B)
t=0.5s; (C) t=1.55; (D) t=3 s(quasistationaryegime.

kinetic phenomenaccurring,understrongelectricfield, in a
dispersionof macroionsin a simpleelectrolyteof high ionic
strength.

The mainideasand approximationf this approachcan
be summarizedasfollows.

(i) The macroions’chargesare describedat large length

scales by a smoothconcentratiorprofile, CM(F,t), depend-
ing a priori on the spaceandtime coordinatesandthe short
scaleelectrokineticphenomenare takeninto accountphe-
nomenologicallyby the introduction of an electrophoretic
mobility u,, for the macroions.

(i) Thedifficulties of the couplednonlinearelectrokinetic
equationsare overcomeby consideringthat the macroions
merely generatesmall perturbationson the already out-of-
equilibrium situationof the simpleelectrolyte(c, =c_=cy)

undera strongelectricfield, éo . We thenusethe supposedly

RRXRK

>c:3<‘x§"

FIG. 7. Numerical quasistationanstructure,obtainedfrom the
evolution of aninitially Gaussiarmacroiondistribution (asin Fig.
5), inducedby the applicationof a strong(horizonta) electricfield
in theanalyticdc limit regime.Spatialperiodicboundaryconditions
areused.” X" indicatesthatthe local probability densityis at least
one-tenthof the maximumof the initial distribution.
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small parametecy, /¢ (electrolyteof high ionic strength to
expandthe nonlinearitiesin the coupledequations.

(iii) As the macroionsdiffuse usually much more slowly
than the small ions of the electrolyte (i.e., Dy,<Ds), the
coion and counterionconcentrationgespondquasistatically
to the slow dynamicsof the macroiondensity fluctuations
describedin the referenceframe moving at the electro-
phoreticvelocity of the macroions.

(iv) This leads,in particular,to somelarge length scale
perturbationf the local salt concentrationS in the disper-
sion (i.e., electrodialysiseffect, which we have evaluated
analytically in two limit regimes. dc limit re-
gime: L<D /(Lo)<uyEq/w; a limit regime:
L> max(uyEy/w,WDs/w), where L is the typical spatial
modulationof the macroionfluctuationalongthe directionof
the appliedelectricfield.

(v) Under electric field, this salt perturbationprofile is
also “polarized,” leadingto the violation of strict electro-
neutrality over large length scales in the electrolyte,

Pe =~ ssoéo ~V*S/ZCS (Sec.ll).
(vi) The electricalbody force arising from the coupling
betweerthis large scalechargedensityandthe appliedelec-

tric field [i.e., peqéo at first orderin ¢y /c] is thenableto

trigger some electrohydrodynamicflows in the solution,
which canbe describedn the experimentalegimesof inter-
est by a simple Stokesequationin the moving reference

frame, nAJ— VP+ pegéoz 0. In particular,l; hasbeende-

terminedanalytically in the Hele-Shawapproximationfor a
quasi-2Dconfinedgeometry(Sec.lll ).

(vii) Theresultingquasistatielectrohydrodynamiiow v

andthe local correctionto the appliedelectricfield, 5I§, are
then usedto evaluatethe slow dynamicsof the macroion
fluctuationsself-consistenthfEq. (4.12 in Sec.IV].

We havenumericallysolvedthe self-consistennhonlinear
dynamical equation for the macroion fluctuations [Eq.
(4.12] in the Hele-Shawapproximation.This demonstrates
the ability of our theoreticalmodel to accountfor the dy-
namic selection process by which an initially disk-shaped
aggregateacquiresits eventualquasistationaryigzagstruc-
ture with tilt anglesof =60° in the ac limit regime and
+45° in the dc limit regime.In addition, we predict, not
only the correctsign of recirculationin the tilted aggregates
(similar in both regimesandindependenof z,,, the sign of
the macroions’chargey but alsothe correctordersof mag-
nitude for the time scalesandrecirculationvelocities,when
experimentalaluesof the variousparametersre used.

This good agreementvith the experimentalobservations
in both ac and dc limit regimesstrongly suggestghat the
large scaledynamicselectionprocessat work in thesevari-
ous colloidal or polyelectrolytesolutionsunderstrongelec-
tric field is indeedrelatedto the nonlinearcouplingbetween
the macroiondensityfluctuationsandthe associateelectro-
hydrodynamicflows, asdiscussedn Sec.IV. Moreover,we
havesuggestedhat the samenonlinearcoupling might also
be responsible—through noise-driverdynamicalprocess—
for the primary segregationrmechanisnitself, asit is shown
to dominatethe large scale,long time stochastidynamicsin
a 3D environment(AppendixB).

Although someimportantaspect®f thesesegregatiomnd



56 ELECTROHYDRODYNAMIC PATTERNSIN MACROION . ..

patterningprocessesemainto be more thoroughly investi-
gated[30], we believeto havealreadygainedsomephysical
insightinto theseelectrohydrodynamiphenomenar his will
haveto be further testedthrough more quantitativeexperi-
mental studies [31,32. If confirmed, this understanding
should allow improvementsof the capillary electrophoresis
separationtechnique.More generally, we expectthat the
largescaleperturbation®f ionic distributionsin colloidal or
polyelectrolytesolutionsunderelectricfield shouldhaveim-
portantconsequencem other relatedproblemssuchasthe
behaviorof electrorheologicafluids or the interpretationof
dielectric constant measurementsn colloidal dispersions
[12].
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APPENDIX A: ELECTROHYDRODYNAMIC FLOW AND
OUT-OF-EQUILIBRIUM CHARGE DENSITY

The main contributionto the large scaleelectrohydrody-
namicflow in the macroiondispersionis furtherdiscussedn
this appendix.

We assumefor the sake of simplicity that the primary
electrophoreticmigration, associatedwith the counterion
equilibrium distribution, doesnot generateany flow in the
solution on length scaleslargerthanthe Debyelength « 2,
asfor the caseof a ‘‘free-draining’’ electrophoretiamigra-
tion [11]. This assumptiorimplies that the large scaleelec-
trohydrodynamicflow is relatedto the out-of-equilibrium
chargedensity. As the salt perturbationprofile [Eq. (2.19)]
becomes S~—(us/um)Cy in the strong field limit
Eo>Dk/uy , we find, from Eg. (2.20, that the dynamic
chargedensityarisingfrom the electrophoretianigration of

the macroionsli.e., _880(,(LM/,LLS)EO'€CM/2CS] and the
chargedensityassociatedvith the electricpolarizationof the

salt perturbationprofile (i.e., —ssoéo -ﬁS/ZcS) areof simi-

lar ordersof magnitude(u) and ug usually having similar

numericalvalueg. We expect,however thatthe magnitudes
of the electrohydrodynamidlow originating from each of

thesetwo chargedensitysourcesare,in fact, very different.

This canbeenshownby integratingthe Stokesequationonce
over the typical extensionengthof the flow gradientgener-
ated by each of these charge density sources [i.e.,

[Vo|~(Eo/ 7)[pedr 1.

(1) Thedynamicchargedensityoriginatingfrom the mac-
roionselectrophoretienigrationgeneratesn practice,shear-
ing over the Debyelengthscalex !, becausef the spatial
proximity of the boundaryconditionson the actualmacroion
surface lts contribution,v ), , to thelargescaleelectrohydro-
dynamicflow canthereforebe estimatedas
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Um ~ee E /‘L_MEO'VCM ;
K—l 0 s ZCS s
Eo um Eo
~gegg— — 5. C

7 ps 2Cs Mimax

(2) The polarizationof the salt perturbatiorprofile S gen-
eratespnthe otherhand,shearingoverthe micrometerange
scale,which is the typical extensionof the salt perturbation
in the vicinity of the migrating macroions, i.e.,
Ds/(umEg)=1—3 um in Eq. (2.19. Hence,the contribu-
tion v 5 of the salt profile polarizationto the large scaleelec-
trohydrodynamidlow canbe similarly estimatedas

Eo Eo

Us EO
~EEQ 7 2CS|Smaxl-

De/(nmBo) O

So using |Sma)J~(Ms/;LM)cMmax, from Eq. (2.19 in the
strong field limit Eq>Dgk/uy, we finally get [with
De/um= (ms/ mm)KT/€]

pm| > €Eok
oM Ms KT v

T dr,

Hencewe havev  <v s in mostpracticalsituations suggest-
ing that the contributionto the large scale convection,di-

rectly associatedwvith the macroion electrophoreticmigra-

tion, is generallynegligible as comparedo the contribution
associatedvith the polarizationof the salt perturbationpro-

file far beyondthe Debyelayers,i.e.,v~vs. At largelength
scales,k 1>«"1, we can therefore simplify the Stokes
equationas

20— TP+ p Eo=0,
with

Pe=— 880|§0 : VSS/ZCS.

APPENDIX B: RELEVANCE OF NONLINEAR TERMS

We studyin this appendixthe relevanceof the nonlinear
termsfor the slow dynamicsof the macroiondensityfluctua-
tions startingfrom the nonlineardynamicalequation(4.12

with the additional(conservativbethermalnoisef(F,t) intro-
ducedanddiscussedn Sec.IV A,

dtéyM_DMAavMJ’_ZMIu‘M V&ﬁ 5E+ZM/LM€(5VM5E)

+0-V vy +f(r,1)=0, (B1)
with (F(r,0)f(r’,t"))=V2s%(r—r')s(t—t’), whered is the
spatialdimensionnvestigatingfor possibledynamicscaling
behaviorsof Eq. (B1) (ask—0 andt— ), we assumehat

the changeof length scale,raﬁbrﬁ, is accompaniedy the
following changeof time scale,t—b?, and macroionden-
sity fluctuation dvy— bXdvy,, wherez is the dynamicex-
ponentthat describesthe scaling of relaxationtimes with
length,andy is theanalogof the “rougheningexponent”for
a growing interface[19].
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We thengetthedynamicscalingbehaviorsof SE andv in
Eqg. (B1) using Egs. (4.14 and (4.16 and Egs. (4.13 and
(4.15, respectivelyWe recallthatthe (electrohydrgconvec-
tion givenby Egs.(4.13 and(4.15 is valid only beyondthe
hydrodynamicscreenindengtha in the Hele-Shaw(HS) ap-
proximation(i.e.,k ~1>a). For the sakeof generalitywe will
also study the scalingbehaviorof this term with no hydro-
dynamicscreeningNS). One canshowthat this amountsto
simply changing2/a? into k? in Egs. (4.13 and (4.15. In
practicethis regimewill correspondo lengthscalessmaller
than the hydrodynamicscreeninglength, i.e., k 1<a. We
find the following

(i) In the dc limit regime[from Egs.(4.13 and(4.14)],

SEX %y, hence SE®—bXyy,

v kv hence vig—b luy,

vi% ok ly,  hence viS—bXtlyy,.

(i) In the aclimit regime[from Egs.(4.15 and(4.16)],

SER% kv, hence SE*—bY 1y,

vﬂ%(@kauk hence vigs—bX 3uy,,
Uﬁ%(mkvk hence vig—bX 1y,

Assumingthatthe noisekeepsts uncorrelatedeaturesunder
rescaling(asexpectedat leastaslong asthe nonlinearterms
do notdominate impliesthefollowing changeof scalefor f:

f*)bflf d/2 - Z/Zf_

After this rescalingEqg. (B1) transformsto the following:
(i) In the dc limit regime[usingEq. (4.18)],

bXﬁZDtﬁVM - bXﬁZDMA&)M + bZX*leMMﬁ . (5VM 5@)
+ XTIy Y Sy + b1 927 226 (f 1) =0,

thatis,

D15VM - bZi2DMA5VM + b271+XZMlLMV-) . (5VM 5@)

+bz_1+alj'€5VM+b_l_ d/2 + Z/Z_Xf(F,t):o,
(B2)

whereD,=[dy+zy(us—{ i/ ts}) (N vy /265) Eq - V] cor-
respondsto the time derivative in the systemof reference
that movesat uniform velocity, taking into accountthe cor-

rections in electric field, ZMILLMéo[l‘l'({MS/ILLM}
—{ ! ps}) (N vy 1265)] [seeEq. (4.18)], with afg=x—1
in the Hele-Shawapproximationand %= x+1 on length
scales shorter than the electrohydrodynamicscreening
length.

(i) In the aclimit regime[usingEq. (4.19]
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bX~2d,Svyy — bX 2D}, A Sy + 02X 22, 11y V - (Swyy SE)
+bX "1y V oy +b 1 927 22¢(r 1) =0,
thatis,
d,Svy—b? 2D}, A Svy + 0224 Xz, iy V - (Svpy OE)

+bZ ey Vspy+b 1 92 22 xi(r 1) =0,
(B3)

where Dy, =Dy (1+{Nyvy /2cH{ uukT/eDy}) is a d-
fective diffusion constanttaking into accountthe electric
field perturbationeffects[seeEq. (4.19]. With afiz=x—3
in the Hele-Shawapproximationand a{s= x—1 on length
scales shorter than the electrohydrodynamicscreening
length.

In the absencef the nonlinearterms,Egs.(B2) and(B3)
are made scaleinvariant, as expected,upon the following
choicesfor the dynamicscalingexponents,

72=2¢=2,

N d z, d
X=Xo= Tl Ty

We then obtain the “scaling dimension” of the nonlinear

terms,zMMMﬁ (v 5I§) andv -V Svy , addedto this scale-
invariantequation,asfollows:
(i) In the dc limit regime,

Zo— 1+ xo=(2—d)/2 for zyuyV:(SvydE)
Zo—l+agc=1+a8c for JoﬁﬁvM,

with ads= xo— 1=—(d+2)/2 in the Hele-Shawapproxi-
mation and aSCst xot1=(2—d)/2 on length scales
shorterthanthe electrohydrodynamiscreeningength.

(i) In the aclimit regime,

20_2+X02_d/2 for ZMMMVS'((SVMCSE),
Zp— 1+ af=1+af" for J~€5VM ,

with a§°ps= xo— 3= —(d+6)/2 in the Hele-Shawapproxi-
mation and a§s=xo—1=—(d+2)/2 on length scales
shorterthanthe electrohydrodynamiscreeningength.

If the scaling dimensionsof both nonlinear terms are
negative, the nonlinearitiesscaleto zero and are saidto be
irrelevant, so that the solution should remain uniform at
largelengthandtime scalesaspredictedby the linear stabil-
ity study.[In principle, such situationsmight also lead to
strongcouplingregimesfor (coupling parametergxceeding
a finite threshold[19,20.] On the other hand,if the scaling
dimensionof at leastone of the nonlineartermsis positive,
this term grows underrescalingandis relevant for the long
time, large scale dynamics.Nontrivial dynamic exponents
are expectedin this casebut their estimationthrough the
dynamicrenormalizatiortechniqueis involved [28].
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Onefinally finds for the relevanceof the nonlinearterms
[25]:

(i) In the dc limit regime, the electrophoreticterm
ZymnV - (8vy SE) is relevant for d<2 [i.e., (2—d)/2=0]

andthe convectivetermu - ﬁévM is irrelevant at any dimen-
sionin the Hele-Shawapproximation(i.e., for k- 1>a since
—d/2<0) andrelevant atd<4 [i.e.,(4—d)/2=0] onlength
scalesshorterthan the hydrodynamicscreeninglength,i.e.,
k~l<a. In particular,in the d=3 casewhich we areinter-
estedin here,we predictthat the electrohydrodynamicon-
vective term dominatesthe long time scaledynamicsin the
dc limit regimeon length scalesshorterthan the electrohy-
drodynamicscreenindength.

(i) In the aclimit regime,we predict,however,that both
nonlinear terms are irrelevant at any dimensionor length
scales,i.e., k" 1>a in the Hele-Shawapproximationand
k~l<a for length scalesshorterthan the electrohydrody-
namic screeningength.

APPENDIX C: ORDER OF MAGNITUDE
OF THE NONLINEAR TERMS

We showin this appendixthatthe nonlinearelectrohydro-

dynamic convective term, JﬁévM , dominates the
macroiondensityfluctuationdynamics(in the moving refer-
enceframe in the conditionsof experimentalobservation
with DNA solutions.

In the ac limit regime,we find that this term dominates
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when the following double inequality holds [we compare,
e.g., Egs. (4.19 and (4.16 and the diffusive term, Dk,
with the ac limit constraintk 1> uyEq/ ],

Cm e

max

ZCSDM ’ kT/‘LM

2 2,2
0] 3 ug eeggEpa
1< —rzk_2<——s 0

min
#mEg 32 um 7

This typically holds for k™*=a=10 um, and an electric
field of 300 V/cm and 100 Hz in agreementwith the

experimental conditions  for N\-DNA solutions
(um=3%x10"8m?V~1ls! L=10"m?V~1is! Dy
=10 ?m’s, ¢y __/2c=10"? ~»=10°Pas, and

ego=10"2 Fm™Y).

In the dc limit regime,i.e., k '<Dk/w<uyEq/w, we
find similarly that the electrohydrodynamiconvectiveterm
dominateghe dynamicswhenthe following two inequalities
hold [we compareg.g.,Eqgs.(4.13 and(4.14 andthe diffu-
sive term, D k],

a? ps

k l<gggEgm ———,
07027 pum(pi—puly)

2,2
Ms SSOEOa CMmax

Dy<—> .
MTum om 4G

This alsotypically holdsin the experimentatonditionswith
the N-DNA solutions.
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