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Recent
�

reportshaveshownthat initially homogeneoussolutionsof chargedcolloidal particlesor polyelec-
trolytes
	

may developinstabilitiesunderstrongelectricfield. In particular,striking dynamicalstructuresform-
ing quasi-stationaryzigzagpatternshavebeenobserved,understrongac electricfield, when thesemacroion
dispersions



areconfinedinto a slabcell. We developin this paperthebasisof a theoreticalapproachaimedat
describing



the largescale,long time electrokineticphenomenaoccurring,understrongelectricfield, within a
dispersion



of macroionsin a simpleelectrolyteof high ionic strength.We assumethat themacroions’charges
can� be described,at large lengthscales,by a smoothchargeprofile that merelygeneratessomesmall pertur-
bations
�

on the alreadyout-of-equilibrium situation of a simple electrolyteunder strong electric field. This
allows
 us to overcomethecomplexityof thenonlinearelectrokineticequationsby expandingthemaroundthe
far-from-equilibriumsystemwith no macroion.This approachis thereforeto be contrastedwith the classical
theory
	

for which the perturbationsof the ionic concentrationsareevaluatedas linear responsesto a ‘‘weak’’
applied
 electricfield with respectto their equilibrium distributionsarounda macroionat rest.We showhere
that
	

the out-of-equilibrium ionic distributionsin the solution are perturbedover large length scalesin the
vicinity� of the macroions,which leadsto the breakdownof � equilibrium� electroneutralityin the solution far
beyondthe Debyelengthscales.The electricalbody force arisingfrom the couplingbetweenthis largescale
chargedensityand the appliedelectric field eventuallytriggerssomeelectrohydrodynamicflows which, in
turn, convectthe very slowly diffusing macroionsin the solution.Numericalresolutionsof the model in two
analytical limit regimesshow that this processis able to select quasistationarydynamical patternsfrom
preexistinginhomogeneousdistributionsof macroions,in goodagreementwith experimentalobservations.In
addition,we show,usingsimpledynamicalscalingarguments,that this nonlinearcouplingbetweenthe mac-
roion densityfluctuationsandthe associatedelectrohydrodynamicflows dominatesthe largescale,long time
stochasticdynamicsof the macroiondistribution, suggestingthat it might also be responsible,through a
noise-drivenprocess,for the primary segregationitself. � S1063-651X

� �
97� 13710-2�

PACSnumber� s� � :� 82.70.Dd,47.54.� r, 82.45.� z, 83.80.Gv

I. INTRODUCTION

Themotivationfor this work originatedfrom striking ob-
servations� doneby Mitnik andco-workers� 1,2� while� study-
ing
 

DNA capillary electrophoresis.In principle, the useof
microcapillaries,! filled with a neutral polymer solution as
sieving� medium,allows one to apply strong electric fields
and,� thus,achievefast electrophoreticseparation" 3# $ . How-
ever,% Mitnik et& al. discovered

'
thatsolutionsof monodisperse

large
(

DNA fragmentsbecomeinhomogeneousonce sub-
jected
)

to an electricfield strongerthana few tensof V/cm.
This electric-field-inducedDNA segregation,occurringeven
in
 

the presenceof neutral polymer chainsusedas sieving
medium,! leads to ‘‘artificial’’ peakson electrophoregrams
when� oneattemptsto separateDNA fragmentslongerthana
few kilobasepairs.The phenomenonis therefore,to date,a
major! limitation to this otherwisevery promisingtechnique
for
*

moleculargenetics.The experimentalobservationsbe-
come+ even more puzzling when the DNA solution is con-
finednot in a capillarybut betweentwo glassplates,with an
ac� electric field appliedparallel to the plates , 2,4

- .
. Striking

zigzag/ patternsform in the confinedDNA solution as de-
picted0 in Figs. 1 and 2. Interestingly,very similar patterns
havealsobeenobservedby othergroupswith quitedifferent
charged+ colloidal systemssuchaspolystyrenespheres1 52 3 or4
even% China clay 5 66 7 . This demonstratesthat the underlying
physics0 is a very generalphenomenon,i.e., independentof
the
8

microscopicnatureof the colloidal particlesor the poly-
electrolytes.%

We
9

presentin this paperour interpretationof thephysical
origin4 of thepatternformationin thesemacroiondispersions
under: strongelectricfield. Someof the generalideasfound-
ing this analysishavealreadybeenoutlined ; 4< . In the re-
mainder! of the Introductionwe first recall the main experi-
mental! features of the observed electric-field-induced
patterning0 of DNA solutions confined in a quasi-two-
dimensional
' =

2D> geometry.? We thenbriefly reviewanddis-
cuss+ the classicaltheoreticalapproachto electrophoresisof
macroions! in electrolytesolutionsof high ionic strength,be-
fore outlining the generalideasof the theoreticalapproach
we� proposein this paper.

Typical
@

experimentsare performedin a slab cell filled
with� 30 A g/ml? of B -DNA labeled with a fluorescentdyeC
separation� betweenthe parallel glassplatesis aD E 10 F m! G .

The
@ H

-DNA is a 16 I m! long DNA fragment J 48.5
K

kilobaseL
kbpMON taking

8
a coil configuration(RgP Q 1 R m) in the buffer

solution� used. Each S -DNA molecule is known to carry
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roughly 50000 elementarycharges\ 7] ^ that
8

correspondto a
mean! ‘‘fixed’’ chargeconcentrationof about10_ 3

`
mol/l! in

the
8

coil region,100 timessmallerthan the ionic strengthof
the
8

buffer used a see� b 1c for further experimentaldetailsd .
0.01%
e

of hydroxypropyl cellulose f HPCg ,h which adsorbs
strongly� on the glass surfaces,is also added to suppress
electro-osmosis.% Theacfield is thenappliedparallelto these
glass? surfacesand the labeled moleculesare observedby
epifluorescence% videomicroscopyperpendicularlyto the slab
cell.+ For strongac fields i typically

8
a few hundredV/cm at

100 Hzj the
8

segregationgives rise to elongated‘‘aggre-
gates’’? k containing+ hundredsof l -DNA fragmentslocally in
semidilute� regimem tilted

8
with regardto the direction of the

electric% field. On a time scaleof tens of secondsto a few
minutes,! thesetiltedn aggregates are actually quasistationary
dynamical
o

structures within� which individual DNA mol-
ecules% recirculatecontinuously p see� arrowson Fig. 3q . The
circulation+ velocity increasesrapidly with the amplitudeof
the
8

electric field and can reach100 r m/s.! The other main

featuresof thesedynamicalstructuresare the electric field
‘‘threshold’’ abovewhich they are seento developwithin
typically
8

lessthan1 min s 1,2t and� the precisevalueof their
angle� of tilt with respectto the directionof the electricfieldu
4v . Thefield thresholddecreaseswhenthefrequencyis low-

ered% or whentheDNA molecularweightand,hence,thesize
of4 the coil are increasedw 1,2x . As for the tilt angle, one
observes4 essentiallytwo distinctvaluesin thequasistationary
dynamical
'

regimedevelopingover a few minutesafter the
onset4 of the instability y 4K z . At low frequency { i.e.,

 
| /2
} ~��

10 Hz� ,h theperiodicelectrophoreticdrift of the tilted
aggregate� is typically larger than its width, andwe measure�����

45°
K �

see� Fig. 1 with � /2
} ���

2 H
-

z� . At higher fre-
quency,� the periodic drift of the tilted aggregateis smaller
than
8

its width, and we have ����� 60°
6 �

see� Fig. 2 with� /2
} ���

100 Hz� . Although tilted aggregatesare often orga-
nized� into zigzagpatterns,this is not an essentialfeatureof
the
8

instability since isolated tilted aggregatesare also ob-
served.� Hopefully, theseremarkablefeaturesshouldallow us
to
8

discriminatebetweendifferent possiblemechanismsfor
the
8

physicalorigin of the phenomenon.
The
@

descriptionof electrophoresisof chargedcolloidal
particles,0 i.e., their migrationunderelectricfield, hasbeena
theoretical
8

challengefor most of this century originating
back
�

in 1903with thefamousSmoluchowskiexpressiongiv-
ing
 

theelectrophoreticmobility, underweakelectricfield, of
a� chargedsphereplacedin a strongelectrolyteof high ionic
strength� � i.e.,

 ��� 1 ��� where� � � 1 is
 

theDebyelengthand ¡
the
8

spherediameter¢¤£ 8¥ ¦ . This statesthat theelectricforceon
the
8

particle essentiallybalancesthe viscousshearinduced,
within� the Debyelayer,by the excesscounterionsmigrating
under: the electricfield. Henceelectrophoreticmobilities es-
sentially� reflect the basic electrokineticphenomenaat the
Debyelengthscale.

Due
§

to the complexity of the nonlinear electrokinetic
equations,% the electrophoreticmobility of a macroionis usu-
ally� evaluatedanalyticallyassumingthat theequilibriumdis-
tributions
8

of the coionsandcounterionsremainunperturbed¨
under: electricfield in

©
the frame of reference of the migrating

macroionª . Electrophoresis being, however, an out-of-
equilibrium% « dissipative

' ¬
phenomenon,0 theequilibriumdistri-

butions
�

of theelectrolyteionsnot only ‘‘follow’’ themigrat-
ing
 

macroionbut theyarealsoperturbedin its vicinity under

FIG. 1. Top view of thehorizontalslabcell containing30 ­ g/ml
of ® -phageDNA ¯ Appligene,Illkirch, F° in

±
1X TBE buffer ² 89

³
mM
´

Tris-boric acid, 2.5mM
´

EDTA
µ ¶

,· containing10 ¸ M
´

ethidiumbro-
mide for fluorescencevisualization.A thicknessof 10¹ 1 º m is
imposedby dispersingin the solutiona few latex spheresof diam-
eter 10 » m ¼ Polysciences,Eppelheinm,D½ . The negativeimage¾
covering300 ¿ mÀ Á is taken2 min after theonsetof a 300V/cm ac

field, in thehorizontaldirection,at thefrequency2 Hz. Theangleof
tilt betweenthe direction of the electric field and the elongated
aggregatesis ÂÄÃÆÅ 45° Ç 2È .

FIG.
É

2. Similar experimentasin Fig. 1 with a 300V/cm acfield,
in the horizontaldirection,at the frequency100 Hz. The angleof
tilt betweenthe direction of the electric field and the elongated
aggregatesis now ÊÄËÆÌ 60° Í 2Î .Ï

FIG. 3. Sketchof a field-inducedquasistationarydynamicalag-
gregatecontainingtypically hundredsof macroions.The direction
of circulation Ð arrows
 Ñ changes� with thesignof thetilt angle Ò .Ï The
circulationvelocity increasesrapidly with increasingfield, andcan
reach100 Ó m/s closeto the aggregateboundary.
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the
8

applicationof an electricfield.
The perturbationof the ionic distributionswithinÔ the

8
De-

bye
�

layers has beenclassicallyanalyzedin linear theories
taking
8

theappliedelectricfield asa smallparameterascom-
pared0 to theequilibriumelectricfield withinÔ the

8
DebyelayersÕ

9
Ö ×

. It hasbeenproposedØ 5,6
2 Ù

that
8

the resultingpolarization
of4 theexcesscounterionsin theDebyelayersinducesdipole-
dipole
'

interactions
©

between
�

the macroions,hencefavoring
macroscopicsegregationof the dispersion for thermody-n
namicÚ reasonsÛ Ü 10Ý . We believe,however,that this mecha-
nism� aloneis not sufficientto explainthedynamical

o
features
*

of4 the long recirculatingtilted aggregatesobservedexperi-
mentally Þ 4ß . We do notÚ invoke any further à dipole-dipole

' á
interactions
 

in this paper,concentratinginsteadon the dy-
o

namicalÚ processes0 originating from the perturbationsof the
ionic distributions far

â
beyond the

8
Debye layers, that is at

length
(

scalesmuchlargerthan ã�ä 1,h theDebyelengthof the
electrolyte.%

Classically,
å

thesesmall amplitudebut large scalepertur-
bations
�

of theionic distributionsbeyondtheDebyelayersare
thought
8

to be negligible in the limit of vanishingapplied
electric% field æ i.e., E0

ç è 0
e é

since� they appearto be of the
order4 O

ê
(
ë
E0
ç2ì )í as comparedto the leadingperturbationsof the

order4 O
ê

(
ë
E0
ç )í î 9Ö ï . In fact this ‘‘weak electricfield’’ result is

contingent+ upontheaD priori assumption� that theequilibrium
state� ð i.e., E0

ç ñ 0
e ò

corresponds+ to the limit of the actualdy-
namical problem at vanishing applied electric field ó i.e.,
E
ô

0
ç õ 0

e ö
. However, this limit may generallybe singular,as

we� will show,andthevalidity of a straightforwardexpansion
is questionable.

The
@

planof our discussionis the following: In Sec.II we
discuss
'

the electroneutralitybreakdownbeyondthe Debye
layer. We startby showingthat the ionic concentrationsare
perturbed0 over large distances÷ i.e.,

 
wave vectorsk

ø ùûúýü
in
 

the
8

vicinity of a single undeformablemacroionunderelec-
trophoretic
8

migration.In thedc regime,we find in particular
that
8

theseperturbationscorrespondto a quasistationarysalt
depletion—in
'

thevicinity of themovingmacroion—whichis
globally? independent

©
of4 theamplitudeof theappliedelectric

field. We thenarguethat theseout-of-equilibriumdynamical
effects—better% known in the contextof electrodialysiswith
fixed
þ

chargedmembranes—leadto the breakdownof ÿ equi-%
librium� electroneutrality% beyondthe Debyelengthscales.

In Sec. III we discusslarge scale electrohydrodynamic
flows
�

in quasi-2Dconfinedgeometry.This largescaleviola-
tion
8

of strict electroneutralityeventuallytriggers,underelec-
tric
8

field, someelectrohydrodynamicflows within thecolloi-
dal
'

dispersionthat we first study in the large length scale
‘‘Hele-Shaw’’ approximationfor a quasi-2Dgeometry.We
propose0 in this sectionthat the two anglesof tilt of theelon-
gated? aggregatesobservedexperimentallyin this geometry�
i.e., 45° and 60° at respectivelylow and high frequency�

correspond+ in fact to two distinct dynamical limit regimes
that
8

canbe describedanalytically.
In Sec.IV we discusstheelectrohydrodynamicpatterning

process.0 The generalproblem of the three-charged-species
system� ‘‘macroion, coion,andcounterion’’ is discussedwith
an� emphasison theseparationof time scalesbetweenthefast
dynamics
'

of the small ions and the slow dynamicsof the
macroion density fluctuations.Although we find that this
model! doesnot exhibit ‘‘classical’’ instabilities � i.e.,

 
no ex-

ponential0 amplificationof small perturbationsarounda per-
fectly
*

uniform macroiondistribution� we� arguethat the dy-
namics� of the macroion density fluctuations is actually
highly sensitive,at long time and large lengthscales,to the
presence0 of thermal noise.This suggeststhat the observed
electric-field-induced% segregationmight in fact correspondto
a� noise-driveninstability assupportedby someexperimental
evidence.% We finally show,usingnumericalcalculations,that
the
8

largescaleelectrohydrodynamicflows originating in the
presence0 of preexistinginhomogeneousdistributionsof mac-
roionsÛ are able to dynamically

o
select� somequasistationary

patterns0 in goodagreementwith thoseobservedexperimen-
tally.
8

This is the strongestresultsupportingour approach.

II. ELECTRONEUTRALITY BREAKDOWN BEYOND THE
DEBYE LAYER

Let us first consider a single undeformable¨ macroion
within� a strong electrolytesolution. Being concernedhere
with� the electrokineticphenomenabeyondthe Debye layer
we� assumethat the macroionchargescan be described,at
large
(

lengthscalesk
ø � 1 �	��
 1,h by a smoothcontinuouscon-

centration+ profile, c� M

 (
ë
r� � ,h tn )í . However,we also assumethat

the
8

essentialelectrokinetic phenomenawithin the Debye
layer of the actualmacroionaresatisfactorilytakeninto ac-
count+ by a phenomenologicalelectrophoreticmobility, � M


 ,h
relatingÛ the averageelectric field at the macroion scale,�
E
ô ���

M

 ,h to its electrophoreticvelocity � � e� � z� M


 �
M

 � Eô ��� M


 � con-+
ventionally� we takeunsignedelectrophoreticmobilities with
z� M

  "! 1 being the sign of the macroion’ charges# . In addi-

tion,
8

we assumefor simplicity that this primary electro-
phoretic0 motion is perfectly‘‘free-draining,’’ that is, with no
convective+ flow in the solutionat largerscalesthanthe De-

bye
�

length,i.e., $ %'& 0
e (

in
 

thefixed frameof referenceat length
scales� k

ø ) 1 *	+-, 1 . 11/ .
Our
0

aim is now to evaluatethefirst convectivecorrection
to
8

this primary free-drainingelectrophoreticmotion associ-
ated� with the occurrenceof electrohydrodynamicflows due
to
8

the largescalebreakdownof local electroneutralityin the
solution� surroundingthe macroion.We will argue in this
section� that this violation of electroneutralityat largelength
scales,� i.e., k

ø 1 1 2	3-4 1,h is relatedto the dynamicalperturba-
tion
8

of the local saltconcentrationin thevicinity of themac-
roion underelectrophoreticmigrationthroughtheelectrolyte
solution.�

A. Electrokinetic equations

The uniform transportationof the concentrationprofile,

c� M(
ë
r� 5 ,h tn )í , describingthe distributionof chargesof the unde-¨

formable
â

macroioncanbe written as

6
t7 c� M 8:9<; = e� >@? A h

B C DFE c� M G 0,
e H

2.1I
where� J K

e� L z� M M M N EO�P M is the macroionelectrophoreticve-

locity
(

definedaboveand Q R h
B is
 

the S weak� T electrohydrody-%
namic� convectionof the solution,at the scaleof the macro-
ion, that we would eventuallylike to evaluate.

The uniform electrophoreticdrift of the macroion then
generates? someout-of-equilibriumlocal perturbationsof the
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small� coion and counterionconcentrationssince Poisson’s
equation% U 2.4V couples+ their conservationequationsto the

concentration+ profile of the macroion charges,c� M(
ë
rW ,h tn ).í

Namely,
X

Y
t7 c� Z�[]\F^ _a` D bdcFe c� fhgjilk c� m Enpo c� qsr tvuxw 0,

e y
2.2z

{
t| c� }�~]�F� �a� D �d�F� c� �h�j�l� c� � E�p� c� �s� �v�x� 0,

e �
2.3�

�F�
E
ô �p� e&���

0
ç � c� �h� c� �h� z� M


 c� M

 �x ¢¡ e�£�£

0
ç ¤ 2.4

- ¥

where� c� ¦ (
ë
r� § ,h tn ),í c� ¨ (

ë
r� © ,h tn ),í D

ª «
,h D
ª ¬

,h and ­¯® ,h °l± are� respec-
tively
8

the local concentrations,diffusion constantsandabso-
lute values of the electrophoreticmobilities of the small
monovalent! ions.e& is

 
theelementarycharge,²�² 0

ç the
8

dielec-

tric
8

constantof the solution,and ³ e� (ë ŕ,h tn )í is the local charge

density.
'

Finally, µ ¶ is
 

the local
·

convection+ in the solution
surrounding� the macroion ¸ which� we distinguishin this sec-

tion
8

from ¹ º h
» ,h the convectionatD the scale of the macroion¼ .

As
�

this nonlinearsystemis alsocoupled—via½ ¾ —to some
hydrodynamic
¿

equation—e.g.,a Stokes-likeequation—the
general? problemis a difficult task that can only be tackled
within� someapproximationscheme.

B. Approximation scheme

As we alreadydiscussedin the Introduction,the classical
perturbative0 approachto handlesuchan electrokineticsys-
tem
8

is to makeanexpansionaroundtheequilibriumstateÀ no�
field appliedÁ with� respectto the amplitudeof an applied
electric% field, supposedlysmall comparedto the equilibrium
electric% field within theDebyelayers Â 9Ö Ã . However,sincewe
are� interestedhere in the electrohydrodynamicphenomena
beyond
�

the Debye layers—wherethe equilibrium electric
field vanishes—wecannotresortto this classical‘‘low elec-
tric
8

field’’ approximationto overcomethe complexityof the
coupled+ nonlinearelectrokineticequations.

The alternativeschemewe proposeis to start from the
far-from-equilibriumregimecorrespondingto theelectrolyte
solution� withÔ no macroion Ä i.e.,

 
c� ÅhÆ c� Ç�È c� sÉ Ê under: someË

strong� Ì finite
þ

electricfield E
ô Í

0
ç . We thenmakean expansion

around� this uniform electrokinetic regime—writing

E
ô ÎpÏ

E
ô Ð

0
ç ÑÓÒ E

ô Ô
,h c� ÕhÖ c� sÉ ×ÓØ c� Ù ,h etc.—with respectto the sup-

posedly0 small perturbationsdue to the macroion presence
that
8

we model, at large scales,by a smoothconcentration

profile0 of monovalent charges, c� M

 (
ë
r� Ú ,h tn )í —withÛ ÜÞÝ

c� M

 ß

maxà á c� M



maxâ /
} ã

,h where ä is the macroiontypical size,åçæ	è�é 1. This approachrequires in particular c� Mmaxâ ê c� sÉ ,h
which� correspondsto a solutionof high ionic strength.More
precisely0 one can show ë see� belowì that

8
the ratio c� Mmaxâ /

}
c� sÉ

can+ be takenas the small parameterto linearizethe conser-
vation� equations í 2.2

- î
and� ï 2.3

- ð ñ
i.e.,
 ò

E
ô

/
}
E
ô

0
ç óÓô c� õ /

}
c� sÉ ö:÷ c� ø /

}
c� sÉ ù c� M



maxâ /
}
c� sÉ ú 1û when� the applied

electric% field E0
ç verifies� the following condition:

eE& 0
ç ü

kT
ø ý 1, þ 2.5

- ÿ

which� ensures that the out-of-equilibrium perturbations

dominate
'

the equilibrium distributions � E
ô � eq� ,h � c� �eq� and� � c� �eq� ,h

hence simplifying the discussion for the far-from-
equilibrium% regime. This condition typically holds for
E0
ç � 100 V/cm with �
	 1 � m and c� Mmaxâ /

}
c� sÉ � 0.01

e
corre-

sponding� to the experimentalconditionsreportedfor the ob-
servations� on 
 -DNA solutions � 1,4,12� .

Thenlinearizingandcombiningequations� 2.2� and� � 2.3�
to
8

form the quantities ����� c� ����� c� � and� � ��! c� "�#�$ c� % ,h
and� neglectingtheconvectivetermfor & and� ')( i.e., assum-

ing
 

that *,+ -/.10 D
ª

sÉ /
} 243

1000 5 m/s! 6 we� obtain

7
t| 8:9 D

ª
s; <>=:?A@ s; Eô B 0

ç CEDGFIH 0,
e J

2.6
- K

L
t| M N D

ª
s; O>P QAR s; Eô S 0

ç TEUGV:WYX
s; 2- c� s; ZE[ \ E

ô ]_^
0,
e `

2.7
- a

where� we have assumed that D bdc D e�f Ds; and�gih�jAkml�nAo
s; p Ds; e& /

}
kT
ø

for simplicity q 13r .
As we areinterestedin evaluatingthe s largescalet devia-

'
tions
8

from electroneutrality,it is convenientto combineEqs.u
2.6
- v

and� w 2.7
- x

with� Poisson’s equation,y
e� z e& (

ë
ZM

 c� M

 {}| )

í ~}���
0
ç �E� � E� ,h which gives

�
t
| ��� D

ª
s; �����A� s; Eô � 0

ç �E� z� Mc� M �
�

e�
e& ,h � 2.8

- �

z� M

 �

t| c� M

 � z� M


 D
ª

s; � c� M

 �Y�

s; Eô � 0
ç �E�G�

� 1

e& � Ds; � 2
ì  

e� ¡ Ds; ¢4£ e� ¤¦¥ t| § e� ¨ ,h © 2.9ª
where� we have introduced the expressionfor the Debye
length in the electrolyte, «­¬ 1 ®°¯ ±�±

0
ç kT
ø

/2
}

e& 2
ì
c� s; .

Although
�

thecoupledlinearsystemcanbeexactlysolved,
we� will gainmorephysicalinsightinto theexperimentalsitu-
ations� of interestwith somefurtherapproximations.At large
length
(

scales,k
ø ² 1 ³I´dµ 1,h and long time scales,tn ¶ 1/D

ª
s; · 2,h

we� canevaluatethe chargedensity ¸ e� from Eq. ¹ 2.9º as�

»
e� ¼ e&

D
ª

s; ½ 2 ¾ z� M

 ¿

t| c� M

 À z� M


 D
ª

s; Á c� M

 ÂAÃ

s; Eô Ä 0
ç ÅEÆGÇdÈ . É 2.10

- Ê

Using
Ë

this result in Eq. Ì 2.8Í we� then obtain, at these
length
(

andtime scalesÎ i.e.,
 

k
ø Ï 1 ÐIÑ­Ò 1 and� tn Ó 1/D

ª
s; Ô 2Õ ,h

Ö
t| ×�Ø Ds; Ù�Ú�Û eE& 0

ç ÜdÝ 1

kT
ø

2 Þ
yß2ì à á z� M â s; Eã 0

ç ä,å c� M æ
2.11
- ç

where� Eè 0
ç is takenparallel to the yé -axis.

In most practical situations we have eE& 0
ç êdë 1/

}
kT
ø ì

1,
which� corresponds to a maximum electric field,
E
ô

0
ç

maxí kT
ø

/(
}

e& î_ï 1),
í

generallymuchhigherthanany attainable
experimental% situationwithout turbulentheatconvectionor
bubbles
�

formation ð e.g.,% E
ô

0
ç

maxñ 2
- ò

105
ó

V/cm
ô

for T
õ ö

300
#

K

and� ÷­ø 1 ù 10ú 9
û

m! ü . Hence,Eq. ý 2.11
- þ

,h describingthepertur-
bation
�

of the local salt concentration,can generallybe fur-
ther
8

simplified to

ÿ
t| ��� Ds; ����� z� M � s; E� 0

ç 	�
 c� M . � 2.12
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Theseadditionalapproximationsactually amountto par-
tially
8

decouplingthelinearsystem� 2.8� and� � 2.9� ,h which can
now� be solvedin two successivesteps:we first evaluatethe
local
(

perturbationof the salt concentrationwith Eq. � 2.12
- ��

i.e., assumingelectroneutralityin Eq. � 2.8��� and� the first
correction+ to electroneutrality is then obtained, at large
length
(

and time scales,by substitutingthe result for � into
 

Eq.
� �

2.10
- �

.

C.
�

Perturbation of the salt concentration

It
�

is instructiveto note that the perturbationin salt con-
centration+ due to the macroionpresenceis easily solvedin
the
8

particular caseof a 1D distribution of fixed
�

charges,+
c� M(
ë
yé )
í
, perpendicularlyto the direction of the electric field

E
ô  

0
ç . If we alsoassume! for

*
simplicity" a� symmetricdistribu-

tion
8

aroundtheorigin, with a typical width L,h we find a local
quasi-stationary� regimeat long time scalestn # L2

ì
/
}
D
ª

s; ,h in the
regionÛ of the distribution $ i.e.,

 %
yé &(' L

) *
,h

+-,
yé ,h tn .0/21 z� M


 eE& 0
ç

kT
ø

0
ç
yß
c� M 3 yé 4�5 dy

o 6
,h 7 2.138

which� correspondsto an antisymmetricprofile with a net
depletion
'

of small ions on onesideof the fixed distribution
and� an excessof salt on the otherside.Then theseconcen-
tration
8

perturbationsprogressivelyextendby diffusion be-
yond9 the regionof the fixed distribution,i.e., over the range
L :<; yé =(>2? Ds; tn . This well known phenomenon,called elec-
trodialysis,
8

is in fact widely usedto deionizeelectrolyteso-
lutions
(

by applyinganelectriccurrentacross@ fixed
þ A

charged+
membranes.!

We
9

now turn to the caseof a uniformly transportedmac-

roion,Û c� M

 (
ë
r� B ,h tn )í C c� M


 r� DFE r� G 0ç (ë tn )í ,h where r� H 0ç (ë tn )í is the origin of

the
8

moving frame,i.e., r� İ 0ç (ë tn )í JLK M
e� NLO P h

Q in Eq. R 2.1S . It is then
convenient+ to take the Fourier transformof Eq. T 2.12

- U
de-
'

fined as V ˆ k
W X (ë tn )í Y[Z\Z\Z\] (

ë
r̂,h tn )í e& ik_a` rb dr

o c
,h noticing that the Fourier

components+ of the macroion profile, Ĉk
W d (ë tn )íe[f\f\f c� M rgFh ri 0ç (ë tn )í e& ikjak rl m dr

o n
,h canbe written as

Ĉk
W oqp tn r0s e& iktau rv 0w x t| y c� M


 z r� {}|�~ e& ik�a� r�a� dr
o �}���

e& ik�a� r� 0w � t| � Ck
W � ,h�
2.14
- �

where� Ck
W � is
 

independentof time for anundeformablemigrat-
ing
 

macroion.Hence,Eq. � 2.12
- �

becomes
�

in Fourierspace,

�
t
| � ˆ

k
W �a� D
ª

s; kø 2
ì � ˆ

k
W ����� z� M � s; Eô � 0

ç ik
© �

Ck
W � e& ik a¡ rl ¢ 0w £ t| ¤ . ¥ 2.15

- ¦

We
9

can similarly definethe ‘‘transported’’ Fourier com-
ponents0 of § —in the reference frame of the moving
macroion—as!

¨
k
W ©�ª tn «0¬ e& ­ ik®a¯ rl ° 0w ± t| ²´³ ˆ

k
W µq¶ tn · ,h ¸ 2.16

- ¹

which� allows us to expressEq. º 2.15» as�

¼
t| ½ k
W ¾a¿ ik
© À Á Â

0
ç Ã

k
W Ä�Å Ds; kø 2Æ

k
W ÇaÈ2É ZM


 Ê
s; EË 0
ç ik
© Ì

Ck
W Í ,h Î 2.17Ï

where� Ð Ñ
0
ç Ò r� Ó̇ 0ç (ë tn )í is the velocity of the migrating macroion.

At linear order in c� MmaxÔ /
}
c� s; ,h only the leading term of Õ Ö 0

ç
should� be kept in Eq. × 2.17Ø ,h that is, Ù Ú 0

ç Û z� M Ü MEÝ 0
ç .

For a dc field, thedifferentialequationÞ 2.17ß is thentrac-
table
8

andgives,with the initial conditionsà k
W á (ë tn â 0)

e ã[ä
k
W å0ç ,h

æ
k
W ç�è tn é0ê2ë z� M


 ì
s; Eô í 0
ç ik
© î

Ck
W ï

Ds; kø 2 ð z� M ñ MEò 0
ç ik
© óõô 1 ö e& ÷ùø Dsú kW 2

û ü
zý M þ MEÿ 0

w � ik� � t| �

���
k
W �0ç e& �
	 D� sú kW 2

û �
zý M 
 ME

� �
0
w � ik��� t| . � 2.18�

At long time scales,tn � 1/Ds; kø 2,h the transportedFourier
component+ �

k
W � (ë tn )í thereforebecomesquasistationary,

�
k
W ����� z� M � s; Eô  0

ç ik
© !

D
ª

s; kø 2 " z� M

 #

M

 E
ô $

0
ç ik
© % Ck

W & . ' 2.19
- (

For tn )+* 2/
}
Ds; ,h this impliesthattheelectrophoreticmigration

of4 the macroiongenerates,in its vicinity, a quasistationary
and� asymmetricperturbationof thesaltconcentration.In par-

ticular,
8

we notethat , 0
ç -/.�0 (

ë 1
s; /} 2 M


 )
í 3

c� M

 dr
o 465

0
e

corresponds
to
8

a global 7 out-of-equilibrium4 8 depletion
'

in salt in
©

the region
of9 the macroion. More preciselythis requirestakingthelimit
tn :<; first

þ
andthenk

ø =
0
e

sincetn > 1/D
ª

s; kø 2 is
 

assumedin Eq.?
2.19@ . In fact the total amountof salt is naturallyconserved

in
 

the system A i.e.,
 B

t| C 0
ç D (ë tn )í E 0

e
] , however, the salt excess

coming+ from the quasistationarydepletionin the region of
the
8

moving macroion leads eventually to a vanishing in-
crease+ in salt concentrationin the rest of the solution since
this
8

is spreadover a diverging volume at long time scales.
One
0

can get further physical insight into this salt depletion
once4 realizingthat it merelycompensatesfor the F localG con-+
tribution
8

of themovingmacroionto theuniform total electric
current+ as is immediatelyseenin the formal case,H s; IKJ M
andL D

ª
s; M 0
N O

then
P QSR�T

cU M

 V . Finally, note that this quasista-

tionary
P

depletion in salt concentrationin the vicinity of a
macroionW in electrophoreticmigration, X 0

ç Y , iZ s independent
[

of
the\ applied electric field. Clearly, this type of singulardy-
namical behavior cannot be obtainedwithin the classical
theory
P

of electrophoresissince the perturbations] from the
equilibrium^ state_ areL thenconstructedU to

P
be proportionalto

the
P

appliedelectricfield E0
` a 15b .

D.
c

Out-of-equilibrium deviations from electroneutrality

Once
d

the salt profile hasbeendetermined,we then have
the
P

first correctionto large scaleelectroneutralityfrom Eq.e
2.10f andL g

t| cU M hji zk M l MEm 0
` npo cU M q that

P
is, Eq. r 2.1s atL first

ordert in cU M
u

max
/
v
cU s; ],w

x
ey z�{|{ 0

` }p~ � E�����|� 0
` �<� M

u
�

s;
E
� �

0
` �p� c� M

u
2c� s; �

zk M
u kT
�

e� 2c� s;
�

c� M
u

� E� 0
` �p���
2
�

c� s; . � 2.20
� �
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Thefirst termin theright-handsideof Eq. � 2.20� ,� depend-
ing
�

explicitly on c� M
u ,� is thedynamic

�
charge� densityarisingin

close� vicinity to the migrating� macroion   i.e., with ¡ M
u ¢ 0

£ ¤
due
¥

to the time delay of the local electric relaxationwhere
the
P

macroionpasses¦ through the
P

electrolyte § electric^ relax-
ation¨ time: 1/D

ª
s; © 2 in

�
Eq. ª 2.10

� «­¬
.

The
®

secondterm of Eq. ¯ 2.20
� °

,� dependingalsoexplicitly
on± c� M

u ,� is theapproximatechargedensityat equilibrium ² that
P

is for E³ 0
` ´ 0

£ µ·¶
due
¥

to the macroionpresence.
The
®

strongelectricfield condition,eE¸ 0
` ¹ /
v
kT
� º

1, ensures
that
P

the dynamicchargesdominatethe equilibrium charges
at¨ largescales,k

� » 1 ¼¾½ . In addition,Eq. ¿ 2.19
� À

suggestsÁ that
the
P

first andthethird termsin Eq. Â 2.20
� Ã

have
Ä

thesameorder
of± magnitudeÅ as¨ Æ

M
u and¨ Ç

s; haveusuallysimilar numerical
valuesÈ É ,� which allows us to check,with Eq. Ê 2.20

� Ë
,� the con-

sistencyÁ of the linearization conditions Ì E/
v
E0
`Í�Î /

v
c� s; Ï c� Mmax

/
v
c� s; Ð 1 announcedearlier.

However,the net bulk chargecorrespondingto the third
term,
P

i.e.,

Ñ
ey Ò6ÓjÔ�Õ|Õ 0

` E
� Ö

0
` ×pØ�Ù
2c� s;

Ú
2.21Û

typicallyÜ extends over micrometers into the solution sur-
roundingÝ the moving macroion—that is, k

� Þ 1

ß Ds; /v à M
u E0

` á 1 â 3
ã ä

m in Eq. å 2.19æ . It is related to the
variationÈ of electricconductivity in the vicinity of the mac-
roionç dueto theperturbationof thesaltconcentration,è . One
can� visualize this large scalechargedensity é ey ê by

ë
stating

that
P

the small cationandanionconcentrationprofiles,which
add¨ up to give the total salt profile, becomeshiftedin oppo-

siteÁ directionsunderE
� ì

0
` by
ë

a tiny distanceíïî scalingÁ as

ðòñ·óõô|ô 0
` E� 0
`

e¸ 2
�

c� s; ö
eE¸ 0
` ÷ùø 1

kT
� úòû 1. ü 2.22

� ý

Although
þ ÿ��

is
�

typically a picometriclength, the associated
polarization� of the salt profile is enoughto enforcea quasi-

uniform� electriccurrent,� ��� (2
�

c� s; 	�
 )(
�

E
� 


0
` ��� E

� �
)
�
, in thesolu-

tion
P

surrounding the macroion as Eq. � 2.20
� �

becomes
ë

��� � ���
0
�

wherec� M
u � 0.

�
We will furtherarguein thefollowing

sectionÁ that this apparentlyweak violation of local electro-
neutralityovermicrometricscales,in theelectrolytesolution
surroundingÁ the macroion,is also sufficient to lead to sus-
tained
P

electrohydrodynamicflows within the solution.
Finally
�

we wantto stressthatthesmoothmacroionprofile
approximation¨ we made is merely a handy toy model for

which� the appliedelectricfield E
� �

0
` dominates
¥

at all scalesin
the
P

polyelectrolytesolution.A more physicalmodel should
explicitly^ takeinto accountthe usuallymuchhigherelectric
field
�

within the Debyelayer. We expect,however,that the
electrokinetic^ phenomenabeyond the Debye layer—where
the
P

electricfield vanishesat equilibrium—shouldstill corre-
spondÁ semiquantitativelyto thephysicswe describewith this
simpleÁ model.

III. LARGE SCALE ELECTROHYDRODYNAMIC FLOWS
IN QUASI-2D CONFINED GEOMETRY

As
þ

alreadyhinted at in the previoussection,we expect
that
P

the breakdownof  equilibrium^ ! electroneutrality^ in the
solutionÁ surroundingthe macroionsgenerates,understrong
electric^ field " toP be estimatedin the Sec.IV # ,� electrohydro-
dynamic
¥

flows within the macroiondispersion.Theseflows
are¨ satisfactorilydescribedby a Stokes-likeequationat suf-
ficiently low frequencyof theelectricfield andin theregime
for
$

which thevorticity diffusesfasterthantheelectrophoretic
motionoverthetypical width, L,� of themacroionaggregates%
16& . This correspondsto ' /( L) 2

) *,+
and¨ - /( L) 2

) .0/
ME
�

0
` /
(
L
)

,�
where� 13254 /

( 687
109 6

:
m2/s
(

is the dynamicalviscosityand ;
the
P

massdensityof the dispersion.For solutionsof < -DNA,
we� find that this regime correspondsto =?>A@ /( L2

) B
104
C

Hz
and¨ E

�
0
` DAE /(( F ML

)
)
� G

3
ã H

104
C

V/cm,
I

which clearly holds ex-
perimentally� J 1,4K .

Hence,in this limit, we have the following relation be-

tween
P

the L first orderM local electricforce N eO P EQ 0
` and¨ thelocal

velocityÈ R S in
�

theelectrolytesolutionsurroundingthemacro-
ions T seeÁ AppendixA U :

V3WYX Z\[�]�^ P _,` eO a Eb 0
` c 0

� d
,� e 3.1

ã f

with� g
eO h�ikj�lml 0

` En 0
` o�p\q /2

(
c� s; ,� r 3.2

ã s
where� t is the solventviscosity and P the

P
pressurein the

solution.Á u v also¨ hasto satisfythe incompressibilityconditionw�x y z\{
0,
�

andtheboundaryconditions| }\~ 0
� �

,� at themacroion
‘‘surfaces’’ and at the recipientwalls � that

P
is in the labora-

tory
P

frame if no electro-osmosisoccurs� . The flow � � turns
P

out± to dependcrucially on theseboundaryconditionsfor the
dc
¥

regime that we have investigateduntil now, since the
electric^ force behavesasa dipolelike term at largescalesin

this
P

electrostaticanalogequation� 14� ,� i.e., ��� eO � E� � 0
` � (� k� � )� � k

�
as¨

k
� �

0
� �

from
$

the Fourier transform of Eq. � 2.21
� �

and¨ Eq.�
2.19� at¨ largescalesk

� � 1 � Ds; /( � M
u E0

` ]� . In particularwe ex-
pect� that experimentsunder different confined geometries
will� develop,in general,different dynamicalstructures.

In this sectionwe limit our studyto thequasi-2Dconfined
geometry� correspondingto the experimentalconditionsde-
scribedÁ in the Introduction.In sucha geometryone usually
makes� the well-known Hele-Shaw approximation, which
greatly� simplifiestheboundaryconditionproblemon thetwo

confining� plates.It statesthat if ����� P
� �,�

eO � E�   0
` is
�

essentially

independent
�

of zk ,� thecoordinateperpendicularto theconfin-
ing
�

plates,thenthe Stokesequationsimplifiesto the follow-
ing
�

2D form at scaleslargerthan2a¡ ,� theseparationdistance
between
ë

the plates:

¢ 2
� £
a¡ 2
) ¤ ¥

2D¦ x§ ,� y¨ ©«ª�¬�­ 2DP ®°¯²± eO ³ É0
` µ

2D ¶ 0
� ·

,� ¸ 3.3
ã ¹

where� º »
2D is in fact the maximumvelocity of a Poiseuille

profile� betweenthe plates:¼ ½ (� x§ ,� y¨ ,� zk )� ¾ (1
� ¿

zk 2/
(
a¡ 2)
� À Á

2D
) (
�
x§ ,� y¨ ).

�
Since
Â

the Hele-Shaw approximation holds for length
scalesÁ largerthan2a¡ ,� we cannotconsiderindividual macro-
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ions
�

anymore,assuminginsteadthatmacroion‘‘aggregates’’Ã
or± macroiondensityfluctuationsÄ ,� somewhatlargerthan2a¡ ,�

exist^ within theHele-Shawcell. At thesescales,Å is
�

thenthe
effective^ viscosityof the dispersion,which we assumeto be
independentof the macroionlocal concentrationin a crude
approach¨ Æ i.e.,

�
leadingorder in c� Mmax

/
(
c� s; Ç . We postponefur-

ther
P

discussionof theprimarysegregationprocess—fromin-
dividual
¥

macroionsto aggregates—tothe next section.
For
�

the sakeof simplicity we will further assumein this
sectionÁ that the formed aggregatesare quasi-infinitebands
tilted
P

with regardto the directionof the electricfield in ob-
viousÈ referenceto theexperimentalobservations.Let usthen
assume¨ that a quasi-infinite tilted bandlike aggregateof
width� L hasformedin the Hele-Shawcell. Onecandefinea
systemÁ of referenceXY with� the Y axis¨ parallel to the band
and¨ we call È the

P
angleof tilt of thebandwith regardsto the

direction
¥

of the electricfield ( ÉËÊÍÌÏÎ 90°
Ð

) Ñ seeÁ Fig. 4Ò .
We
Ó

modelthis bandasa wholeby a smoothconcentration
profile� of monovalentcharges,c� M

u (
�
X
Ô

,� tÜ )� , independentof Y
and¨ we usethe fact that the primary electrokineticphenom-
enon^ underelectric field is still a uniform migration of the
band
ë

with electrophoreticmobility Õ M ,� as for the caseof a
singleÁ macroion Ö seeÁ full discussionin the next section× . Al-
though
P

thegeneralelectrokineticproblemis usuallycomplex
when� anacelectricfield is applied,we will now seethat the
situationÁ is actually tractablein the two following limit re-
gimes:�

If the electric field frequencyis smaller than the relax-
ation¨ frequencyof the salt perturbation,i.e., ØÚÙ Ds; /( L2

)
, w� e

expect^ that the theoreticalapproachdevelopedfor a macro-
ion
�

in thedc regimeshouldalsohold for thebandlikeaggre-
gate� itself. In particular, for Û ME0

` sin(Á Ü )/� L Ý Ds; /( L2
) Þàß

,� the
periodic� drift of the bandis larger than the bandwidth á i.e.,â

ME
�

0
` /
( ã?ä

L
)

/
(
sin(å )� æ and¨ a quasi-dcsalt depletiondevelops

in the vicinity of the moving band.In practicethis dc limit
regime will apply for bandlike aggregatesunder low fre-
quencyç ac field.

If
è

the periodicdrift of the bandis smallerthan its widthé
i.e.,
� ê

M
u E
�

0
` /
( ë?ì

L
)

/
(
sin(í )� î the

P
associatedperturbationsof

c� M(
�
X,� tÜ )� areexpectedto be small. This will allow us to de-

velopÈ a perturbativeapproachfor this ac limit regimecorre-
spondingÁ to bandlike aggregatesunder high frequencyac
electric^ fields.

Numerically,
ï

we find in fact, D
ª

s; /( L) 2 ð0ñ
M
u E
�

0
` /
(
L
) ò

10 Hz,
which� suggeststhat these regimes define, in practice, a
simpleÁ partition of the frequencyspectrumin apparentcon-
cordance� with the low frequency( ó /2

( ôöõ
10 Hz) and high

frequency( ÷ /2
( øöù

10 Hz) experimentalregimesrecalledin
the
P

Introduction ú 4û ü . We retain, however,in the following
discussion,
¥

the less specific denominationof ‘‘dc and ac
limit regimes.’’ Indeedwe will arguein Sec.IV that these
regimesalso describe,at a given frequency,the physicsat
shortÁ lengthscalesk

� ý 1 þ D
ª

s; k� /
( ÿ����

ME
�

0
` /
( �

,� andlargelength
scalesÁ k

� � 1 � max(� �
M
u E
�

0
` /
( �

,� 	 D
ª

s; /( 
 )
�
, respectively.

A. The dc limit regime

Let us first considerthe dc limit regime and apply the
results,ç valid for a constantelectricfield, that we derivedin
Sec.
Â

II. We assumefor simplicity that the aggregateis com-
pletely� deformableat scalesmuchlargerthanthe sizeof the
individual macroions,so that theconvectiveelectrohydrody-
namics� obeysStokesequation� 3.3

ã 

in
�

the Hele-Shawcell at
large scales,i.e., k

� � 1 � a¡ . Taking the curl of Eq. � 3.3
ã �

and¨
introducing the stream function A ��� � 2D ������� A� with����

A
 !#"

0
�

whereA
 $#%

Az
 ˆ & ,� one finally gets in the transported

Fourier
�

space:

' (
k
) *,+ a¡ 2

2 -
.0/

ik
1 2436587:9

ik
1 ;=<

E
� >

0
` ?

k
� 2 @ eO A k

B C . D 3.4
ã E

Then using F eO G k
B HJI (
� KLK

0
` /2
(

c� s; )(� ik
1 M

EN 0
` )� O k

) P ,� andQ
k
) R,SUT (

� V
s; /( W M)

�
Ck
) X from Eq. Y 2.19Z in the strongfield limit

E
�

0
` [ D

ª
s; k\ /
( ]

M
u ,� we find,

^ _
k
) `,acbLb 0

`
2cd s;

e
s;f
M

a¡ 2

2 gih:j ik
1 k

Ck
) lJm6n8o:p ik

1 qsr
E
� t

0
` u=v:w ik

1 x
E
� y

0
` z

k
\ 2 .{

3.5
ã |

This generalresultcaneasilybe inverseFouriertransformed
for the bandlikegeometry.Oneobtainsthe following shear-
ing
�

flow at the bandinterfaces:

} ~
2D � X �6�c�L� 0

�
2cd s;

�
s;�
M

a¡ 2

2 � E0
�2 cos� ����� sinÁ �0���=� zkˆ ����� cd M � X �4� .�

3.6
ã �

Note
ï

in particularthat this flow is parallel¦ to
�

thebandinter-
face � Fig. 4� soÁ that theassociatedconvectionof thedeform-
able¨ bandlike aggregate is indeed stationary� � i.e.,�

t
| Ck
) � (� tÜ )�   0

� ¡
as¨ wasimplicitly assumedin the derivationus-

ing the resultsof Sec.II for anundeformablemacroion.The
shearingÁ velocity dependson the sign of the tilt angle ¢ in
accordance¨ with qualitativeexperimentalobservation,but is
independentof z£ M ,� the sign of the macroions’ charges.
Moreoverthe velocity amplitudepredicted¤ up� to a few tens¥ m/s� ¦ is

�
in semiquantitativeagreementwith theexperiments

and,¨ in practice, within the linearization condition§©¨ ª6«­¬
D
ª

s; /( L) ® 100 ¯ m/s� for L
) °

a¡ ± 10 ² m.�
In
è

addition, we note that the stationary regime corre-
spondingÁ to the maximumshearingvelocity occursfor the
angle¨ of tilt ³�´Uµ 45°

û
. We will discussin the following sec-

tions
�

this striking concordancewith theobservedtilt angleof

FIG. 4. Infinite bandtilted with respectto thedirectionof theac

electricfield E¶ 0
· .¸ Theelectrohydrodynamicshearingat the ¹ smoothº »

interfacesof the deformablebandis drawnschematically.
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the
�

aggregates in Fig. 1 ½ with� ¾ /2
( ¿ÁÀ

2
Â

Hz andÃ
Ds; /( ÄÆÅ�Ç

ME0
� /
( È�É

3
ã

L corresponding� indeedto thedc limit
regimeÊ .

B. The ac limit regime

Consider
Ë

now a tilted bandof width L
)

under� anacelectric

field, EÌ 0
� (� tÜ )� Í EÎ 0

� cos(� Ï tÜ ).� The primary electrophoreticdrift
of± the bandis then Ð at¨ leadingorder in cd Mmax

/
(
cd s; Ñ ,�

rÝ Ò 0� Ó tÜ Ô6Õ z£ M
Ö ×

M
Ö E
Ø Ù

0
� sinÁ ÚÜÛ tÜ ÝÞ . ß 3.7

ã à

In theac limit regime,it is small comparedto thebandwidthá
i.e.,
� â

M
Ö E
Ø

0
� /
( ã�ä

L
)

/
(
sin(å )� æ ,� and we have for large length

scalesÁ k
\ ç 1 è8é rê 0� ë ,�

e¸ ikì,í rî ï 0ð ñ tò óõô 1 ö ik
1 ÷

Eø 0
� z£ M ù M

sinÁ ú,û tÜ üý þUÿ ÿ ÿ .
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ã �

Using
�

this approximationin Eq. � 2.15
Â �

we� obtain at long
time
�

scales,tÜ � L
) 2/
(
D
�

s; ,� thefollowing periodicperturbationof
the
�

salt profile in the regionof the band:
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This,
®

in turn, generatesa periodicbulk chargedensityunder

the
�

ac field EQSR ET 0
� cos(� U tÜ ) a

�
s V Eq. W 2.21X in FourierspaceY
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and¨ we finally get, after averagings k

 t (� tÜ )� cos2(

� u
tÜ )� over a pe-

riod,ç anexpressionfor the time averagedvelocity. From Eq.v
3.3
ã w

,� this givesat first orderin x M
Ö y 17z and¨ for largelength

scalesÁ k
( { 1 |~} Ds; /( ���

one± hasalsoto makeuseof ������� E�S� 0
� �

while� taking the curl of Stokesequation�
��� �

k

 �
����� 3

ã �a�
0
b

32
ã

cc s;
�

s; � M� 2
) a¡ 2

2
Â ����� ik

1 �
Ck

 �_ 

¡£¢¥¤ ik
1 ¦2§

E
f ¨

0
b ©2ª¥« ik

1 ¬
E
f ­

0
b ® 3

¯
k
( 2 . ° 3.11

ã ±

Hence,
²

³�´ µ
k

 ¶ac· ¸�¹»º ¼

k

 ½dc
¾ 3
ã
16

¿
ME
f À

0
b k

( Á
Â

2
)
. Ã 3.12

ã Ä

This
®

decreaseof the averagedconvectionvelocity Å Æ with� Ç
explainsÈ semiquantitativelywhy the observationof these
electrohydrodynamicÈ flows requiresexperimentallystronger
electricÈ fields if oneincreasesthe frequencyÉ 1Ê .

Equation
Ë Ì

3.11
ã Í

can� also be inverseFourier transformed
for
$

thebandlikegeometry.Oneobtainsthefollowing station-Î
ary¡ shearingÁ flow at the bandinterface:
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2D
) ÒNÓ XÔ Ô�Õ 3

ã ÖaÖ
0
b

32
ã

cc s;
×

s; Ø MÙ 2

a¡ 2
)

2
Â Ú E

f
0
b4C cos� Û�ÜÞÝ sinÁ 3

¯ ßáàãâ
ä£å

zæˆ ç x§ ˆ èmé 3
¯
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As
þ

for thedc limit case,theshearingvelocity is in semiquan-
titative
�

agreementwith the correspondingexperiments:the
direction
¥

of recirculation ï depending
¥

on the sign of ðNñ is
identical to that of the dc limit regime ò seeÁ Fig. 4ó and¨ also
independent
�

of zæ M ,� thesignof themacroions’charge.How-
ever,È we note that the maximum shearingvelocity of the
band
ë

occursnow for a largertilt angle, ôöõ�÷ 60°
ø

, for this ac
limit casein concordancewith theexperimentof Fig. 2 ù with�ú /2
( ûýü

100 Hz and þ M
ÿ E
f

0
b /
( ���

L
)

/10
( �

.
Interestingly,
è

we notealsothat the electrohydrodynamics
is much lesssensitiveto the boundaryconditionsin the ac
limit regime,as comparedto the dc limit regime,sincethe
average¨ electricmomentumnow behavesin Eq. � 3.1

ã �
as¨ an

octopole± at largescales,i.e., ��� eO 	 E
 0
b � (� k( � )� 
 k

( 3
¯

as¨ k
( �

0.
�

Hence
we� canstudy the caseof an infinite polyelectrolytesolution
in the ac limit regime.

Finally we emphasizeagainthat the shearingregimesof
the
�

bandlikeaggregateswe haveconsideredin this section
are¨ very specificdynamicalregimessincethe overall � band-

ë
like� shapeÁ of the aggregateis globally preservedunderthe
deformation.
¥

In contrast,we expectthat, for a macroionag-
gregate� of arbitrary shape,the electrohydrodynamicflow,
originating± from this macroioninhomogeneity,leadsalsoto
the
�

deformationof the global shapeof the macroion-rich
domain
¥

itself � i.e.,
� �

tò Ck

 � (� tÜ )� � 0

� �
. This, in turn, will affect the

geometry� of theelectrohydrodynamicflow, sothattheglobal
solutionÁ will eventuallyundergosomecomplex evolution.
The study of thesedynamicalprocessesis attemptedin the
following
$

section.

IV. ELECTROHYDRODYNAMIC PATTERNS

The
®

aim of this last section is to presenta unified ap-
proach� investigatingtheseelectrohydrodynamic‘‘instabili-
ties’’
�

for the three-charged-speciesmodel: macroions,
coions,� andcounterions.In thenextsubsection,we introduce
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an¨ additionalequationto thegeneralelectrohydrokineticsys-
tem
�

discussedin Secs.II andIII, to describethedynamicsof
the
�

macroiondensityfluctuationswithin theelectrolytesolu-
tion.
�

We arguethat this kinetic equationcontains—insome
limit—the essentialnonlinearitiesof the systemthat can be
solved,Á at long time scales,with the quasistaticresponsesof
the
�

small ion distributions and the electrohydrodynamic
Stokes
Â

flow. We find thatthis three-charged-speciesmodelis
linearly stablewhenthe effectsof stochasticfluctuationsare
neglected.However,we then arguethat the nonlinearelec-

trohydroconvective
�

term ( � � ��� cc M)
�

actually dominatesthe
long time, largescaledynamicsof the macroiondistribution
when� thesestochasticeffectsare includedin the description
of± the macroiondynamics.This suggeststhat the electric-
field-inducedsegregationmight in fact bea noise-drivendy-
namicalprocessassupportedby someexperimentalevidence�
Sec.
Â

IV A � . We leave aside,however,further quantitative
discussion
¥

of this delicatenoise-drivenmechanismfar away
from the equilibrium homogeneousstateof the dispersion.
Finally, we demonstratenumericallytheability of our model
to
�

accountfor the formation of quasistationarydynamical
structuresÁ from a preexistinginhomogeneousmacroiondis-
tribution
�

in a Hele-Shawcell. Thesenumericalresultsarein
good� agreementwith correspondingexperimentalobserva-
tions
� �

Sec.
Â

IV B� .
A. A three-charged-species model

1.
�

Electrokinetic equations

Let us call � M
ÿ ,� the local macroion� concentration in the

electrolyte.È We first follow theusualapproachassumingthat
the
�

dynamicsof the local concentrationscan be described
neglectingtheeffectsof stochasticfluctuations.We therefore
expectÈ  

M
ÿ to

�
verify at largescales,k

( ! 1 " 1/#%$ M
ÿ & 1/3,� the fol-

lowing
'

dynamic equation ( called� the Smoluchowskiequa-
tion
� )

:

*
tò + M ,.-�/ 021 DM 3�465 M 7 zæ M 8 M 9 ME:%;=< M > ?2@BA 0,

� C
4.1D

where� D
�

M and¨ zæ M E M are¨ respectivelythediffusion constant
and¨ the electrophoreticmobility of the macroions.At these
scalesÁ we alsohave F M

ÿ G cH M
ÿ /
(
N
I

M
ÿ ,� wherecH M

ÿ is
�

the concen-
tration
�

profile of the J monovalentK charges� associatedwith
the
�

macroionsand, N
I

M
ÿ the

�
numberof elementarycharges

per� macroion. Hence the complete three-charged-species
electrohydrodynamicÈ systemcanbemodeledwith threecon-
servationÁ equations,

L
tò cH MON.P�Q RTS D UWV�X cH Y[Z]\_^ cH ` Ea%b cH ced f2gBh 0,

� i
4.2j

k
tò cH lOm.n�o pTq D rWs�t cH u[v]w_x cH y Ez%{ cH |e} ~2�B� 0,

� �
4.3�

�
tò � M �.��� �2� DM ���6� M � z� M � M � ME�%�=� M � �2�B� 0,

� �
4.4�

where� thenonlinearelectrophoreticcurrentscouplethesedy-
namic� relationsto Maxwell’s electrostaticrelations � in� the
absence¨ of magneticfield� ,�

���
E
� �%  e¸¡¢¡

0
£ ¤ cH ¥[¦ cH §[¨ z� M

© cH M
© ªB«­¬ eO®¢®

0
£ ,� ¯ 4.5

û °

±�²W³
E
� ´%µ

0
� ¶

,� · 4.6
û ¸

whereas� the nonlinearconvectioncurrentsrequiresomefur-
ther
�

electrohydrodynamicconstitutiverelation coupling the

local flow ¹ º to
�

the ionic concentrationsandthe local electric

field
»

in the solution ¼ note� that ½ ¾ h
¿ ÀÂÁ Ã at¨ theselength scales

k
( Ä 1 Å 1/ÆÈÇ M É 1/3; seeSec.II Ê . As a crudemodel we assume
that
�

this can be accountedfor, at large scales,by a simple
Stokes-like
Â

equation,

ËÍÌÏÎ ÐÒÑ.Ó�Ô P
� Õ×Ö

eO Ø E� Ù%Ú 0
� Û

,� Ü 4.7
û Ý

where� Þ is
�

an effectiveviscosityand ß eO à the
�

chargedensity
in the electrolytesolutionsurroundingthe macroionsasdis-
cussed� in Sec.II á seeÁ alsoAppendixA and â 16ãåä . This flow

mustalsoverify theincompressibilityconditionæ�ç è éÒê 0,
�

and
the
�

appropriateboundaryconditionsat the rigid walls. The
resultingç nonlinearpartial differential equationsë PDE

ì í
sys-Á

tem
� î

Eqs.
Ë ï

4.2
û ð

,� ñ 4.3
û ò

,� ó 4.4
û ô

,� õ 4.5
û ö

,� ÷ 4.6
û ø

,� and ù 4.8
û úåû

is
�

clearly
not tractableanalyticallyin the generalcaseandapproxima-
tions
�

arenecessaryto allow further progress.

2.
ü

Approximation scheme

Let usfirst considerthe largescaleelectrohydrodynamics
within� a Hele-Shawcell of thickness2a¡ (

�
k
( ý 1 þ a¡ )

�
, which

we� introducedabove.In this quasi-2Dconfinedgeometrywe

get,� introducingthevectorpotentialA
ÿ ���

A
ÿ

(
�
x§ ,� y¨ )

�
z�ˆ perpendicu-�

lar
'

to the confiningplates
�
with� � �

2D
) (
�
x§ ,� y¨ )

� ���
	��
A
�� ,�

� 2 �
a¡ 2
) � A

ÿ �����
���
eO ��� E

� �
0
£ � 0

� �
,�  4.8

û !

where� we have used Maxwell’s equation " 4.6# and¨
$&%

A'�( 0.
�

Although the simplified nonlineargeneralsystem ) Eqs.*
4.2
û +

,� , 4.3
û -

,� . 4.4
û /

,� 0 4.5
û 1

,� and 2 4.8
û 354

is
�

still not tractableana-
lytically
'

we canfurtherprogressaswe areinterestedherein
particular� situationswith 6 large7 macroionsdiffusing much
more slowly than the 8 smallÁ 9 coions� and counterions.Typi-
cally,� this correspondsto DM : Ds; /1000

( <
10= 12 m2

)
/s
(

for
macroionsin the micrometer range, whereasthe electro-
phoretic� mobilities >&?A@ ,� BDC ,� and E M F have

G
usuallysimilar

numericalvaluesat high ionic strength.Hencethe relative
weight� of the stabilizingdiffusive term is much lessimpor-
tant
�

in the macroiondynamicalequationthan in the corre-
spondingÁ equationsfor the small ions. This meansthat the
nonlinearitiesof the electrophoreticandconvectivecurrents
are¨ potentially much more destabilizingfor the macroionsH
Eq.
Ë I

4.4
û JLK

than
�

for the small ions M Eqs.
Ë N

4.2
û O

and¨ P 4.3
û Q5R

. We
therefore
�

expectthat,at someintermediateelectricfield, the
essentialÈ nonlinearitiesof the systemlie in the macroion
Smoluchowski
Â

equation S 4.4T whereas� the conservation
equationsÈ for thesmall ionscanbelinearizedasdiscussedin
Sec.
Â

II U Eqs.
Ë V

2.6
Â W

and¨ X 2.7
Â Y5Z

. Namely,

[
tò \^] D

�
s_ `ba^c�d s_ E� e 0

£ f&gihkj 0,
� l

4.9
û m

n
tò oqp D

�
s_ rbsqt�u s_ E� v 0

w x&yiz^{}|
s_ 2Â cH s_ ~&� � � E� � 0,

� �
4.10
û �
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�
tò � M
� � z� M

� �
M
� E
� �

0
w �&���

M
� ���&� ��� D

�
M
� �&���

M
� � z� M

� �
M
� �

M
� � E
� �

���
M
�   ¡�¢¤£ 0,

� ¥
4.11¦

where� we againassumed,D §©¨ D ª©« Ds_ ¬ with� Ds_ ­ DM ® and¨
¯A°©±�²D³µ´�¶

s_ · D
�

s_ e¸ /
(
kT
(

for
$

simplicity ¸ 13¹ . As previously
we� define º¼»¾½ cH ¿©À¾Á cH Â and¨ ÃqÄ¾Å cH Æ©Ç¾È cH É .

Hence
²

the nonlineardynamicequationfor the macroionsÊ
Eq.
Ë Ë

4.11
û Ì5Í

is
�

now coupled Î viaÈ Ï EÐ and¨ Ñ ÒÔÓ to
�

a linear
Õ

PDE
systemÁ Ö Eqs.

Ë ×
4.5
û Ø

,� Ù 4.8
û Ú

,� Û 4.9
û Ü

,� and Ý 4.10
û ÞLß

. Although the
global� systemremains insoluble analytically, we can still
progress� with furtherapproximationsaswe will now discuss.
Consider
Ë

some large scale spontaneousfluctuation of the
macroiondistributionwith typical wavevectork

(
(
�
k
( à 1 á a¡ ).

�
Under
�

strongelectric field we expect—fromthe discussion
of± Sec. II—that the primary electrophoreticmotion of this
macroion� densityfluctuationgeneratessomelargescaleper-
turbations
�

of thesaltconcentration.If we furtherassumethat
the
�

dynamicalevolutionof this macroiondensityfluctuation
is
�

much slower â in� the electrophoreticmoving frameã than
�

the
�

responseof thesaltdistribution ä i.e.,
�

if significantevolu-
tions
�

of the macroiondistribution occur at long time scales
tÜ å 1/D

�
s_ k( 2æ we� can then estimatethe electric field perturba-

tion
� ç

Eè and¨ theelectrohydrodynamicconvectioné ê using� the
resultsç of Secs.II andIII wherewe assumeda uniform elec-
trophoretic
�

transportationof some undeformablemacroion

profile:� cH M
� (
�
rÝ ë ,� tÜ )� ì cH M

� rÝ í�î rÝ ï 0ð (� tÜ )� .

Using
�

Eq. ñ 2.20ò and,¨ e.g.,Eq. ó 3.6
ã ô

to
�

estimateõ Eö and¨ ÷ ø ,�
respectively,ç one can then check that this assumptionof
‘‘quasistatic’’ saltperturbationù in� themoving frameú is

�
usu-

ally¨ well verified in practical situations û that
�

is, DM
� k
(
,� ü ,�ý

M þ E
� ÿ

D
�

s_ k( � . Hence,the long time dynamicsof themacro-
ion distribution can be estimated,in the moving frame

(
�
d
�

tò ��� tò � z� M � ME
� �

0
ð �	� )

�
, by the following nonlineardynamic

equation:È
d
�

tò 
 M � DM ��
 M � z� M � M � � ���
M � E������� � �	�! M " 0,

� #
4.12$

where� % E& (� ' M)
�

and ( ) (� * M)
�

areevaluated,as in Secs.II and
III, by solving the remaininglinear PDE system+ Eqs. , 4.5- ,�.
4.8
û /

,� 0 4.9
û 1

,� and 2 4.10
û 354

with� the assumptionthat, under a

strongÁ electricfield E6 0
ð ,� theshorttime scaledynamicsof 7 M

�
is
�

a uniform electrophoretic migration, i.e., d
�

tò 8 M9�:
tò ; M
� < z� M

� =
M
� E
� >

0
ð ?	@!A

M
� B 0,

�
asfor thecaseof anundeform-

able¨ macroion C Sec.
Â

II D .
From Secs.II and III we have the following in Fourier
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theac limit case,i.e., k
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3.
Ñ

Linear stability

Let us first considersomesmall spontaneousfluctuation,ÒÔÓ
M ,Õ aroundtheuniform macroionconcentration,Ö M

�0© . From
Eq. × 4.12Ø weÙ find that ÚÔÛ M follows at first orderthe follow-

ing
�

dynamicalequationÜ sinceÝ Þ E
� ß

(
� à

M
0
©

)
� á

0
� â

andã ä å (� æ M
0
©

)
� ç

0
� èêé

:

d
ë

tò ìÔí M î DM ïñðÔò M ó z� M ô M õ M
�0© ö	÷ ø

Eùûú 0,
� ü

4.17ý
whichÙ becomesin the dc limit regime þ usingÿ Eq. � 4.14

û ���

d
ë

tò � z� M � sË � �
M
2

�
sË

N
I

M 	 M
0
©

2cH sË E
 0
© �
� ���

M � DM ����� M � 0
�

�
4.18�

andã in the ac limit regime � usingÿ Eq. � 4.16
û ���

,Õ
d
ë

t
ò ���

M  D
�

M ! N
I

M " M
0
©

2
Â

cH sË
#

MkT
(

eÊ $�%�& M ' 0.
( )

4.19
û *

This
+

showsthat , M
� does
-

not exhibit any ‘‘classical’’ in-
stabilityÝ in the small ions’ ‘‘quasi-static’’ responseapproxi-
mation since no exponential amplification of small
modulations—aroundthe perfectly uniform distribution.

M
�0© —is predictedfrom Eqs. / 4.180 andã 1 4.192 . In fact, one

can3 show by a straightforwardbut tediouscalculation 4 185
that
�

the generalsystem,Eqs. 6 4.27 ,Õ 8 4.39 ,Õ : 4.4; ,Õ and < 4.5= , iÕ s
itself
�

linearly stable.We will, however,arguein the follow-
ing
�

subsectionthat the actual three-charged-speciessystem
might nonethelessbe ‘‘unstable’’ oncewe takeinto account
the
�

so far neglectedeffectsof stochasticfluctuationson the
macroion� dynamics.

4. Noise-driven pattern formation

The formationof interestingnoise-drivenpatternshasal-
ready> beenshown to arise from nonlinearstochasticPDE
withÙ no deterministicdestabilizingterm.The ideaoriginated
withÙ the seminalpaperof Kardar, Parisi, and Zhang ? 19@
whoÙ proposedthat interfacesgrowing undernoisy ballistic
deposition
-

of particlesundergosomekinetic
(

roughening fol-
A

lowing
B

universalC dynamic scaling laws due
-

to the largescale
dominance
-

of a nonlinear term in the stochasticequation
describing
-

the depositionprocessD seeÝ also E 20F�G .
In
�

the generalcase,the ‘‘stability’’ of the largescalebe-
havior
G

of the linearizedstochasticequationagainstthe inclu-
sionÝ of nonlineartermscan be probedby the simple tech-
niquereferredto aspowerH counting introducedin thecontext
ofI the renormalizationgrouptheory.Nonlineartermswhose
importance
�

at long time andlargescalesvanishesunderres-
caling3 aresaidto be irrelevant

J
for thelong time, largelength

scaleÝ dynamicsof thesystemandcanusuallybeomitted.On
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the
�

other hand,nonlinearterms‘‘growing’’ underdynamic
rescaling cannot be generally neglected K in contradiction
withÙ the classical analysis of linear stabilityL sinceÝ they
modify� the long time, largescaledynamicalbehaviorof the
system.Ý

A more quantitativeanalysisinvolving dynamicalrenor-
malization� calculations M 19,21N relies,> however,on the as-
sumptionÝ that thestochasticpropertiesof the O leading

B P
noiseQ

term
�

are invariant underrescaling.This condition can con-
ceivably3 be fulfilled whenthenoisesourceis externalÊ to

�
the

otherwiseI deterministicsystemas in the caseof a growing
interface
�

underrandomdepositionof particles R 19S . This is
to
�

be contrastedwith the caseof systemsexhibiting internal
J

noise T 22U that
�

typically originatesfrom the fact that they
consist3 of discretethermally agitatedparticles, as for the
three-charged-species
�

systemin which we are interestedin
this
�

paper.Indeedthe effect of suchinternal noiseon non-
linear
B

systemsleads to delicate conceptualquestions V 23
Â W

andã we expectin particularthatinternalnoisesourceschange
their
�

stochasticpropertiesunderdynamicalrescaling.Still, at
aã qualitativelevel, we canidentify thepotentialrelevanceof
the
�

inclusion of nonlineartermsagainstthe presenceof anX
internal
� Y

noiseQ sourcewith specificstochasticproperties.
Theprimary internalnoisewe areinterestedin to testthe

relevanceof thenonlineartermsin our three-charged-species
systemÝ is clearly the thermalnoiseresponsiblefor the ther-
modynamic� fluctuationsat equilibrium. For simplicity, we
willÙ limit our discussionto the Z realistic[ asymptoticã regime
whereÙ the effects of stochasticfluctuationsand nonlinear
terms
�

arerestrictedto the dynamicequationof the slow dif-
fusing
A

macroions\ withÙ ‘‘quasistatic’’ responsesof the small
ions, as previously discussed] . Following van Vliet’s ap-
proach^ to densityfluctuationsin diffusive systems_ 24̀ weÙ
therefore
�

addto thedeterministiclinearizedequationsa 4.18
b c

andã d 4.19e the
� f

thermal
� g

noisesourcef
h

(
i
rj ,Õ tk )l with the follow-

ing first two moments:

m
f
h n

ro ,Õ tk prqts 0,
( u

4.20v
w

f
h x

ry ,Õ tk z f
h {

r| ,Õ tk }�~������ 2DM � M
�0© � 2

� �
d
� �

r��� r��������� tk � tk ��� ,Õ �
4.21
b �

orI in Fourierspace

�
f
h �

k
( �
,Õ tk � f
h �

k
( � �

,Õ tk ¡�¢r£t¤ 2DM ¥ M
�0© k
( 2
� ¦

d
� §

k
( ¨�©

k
( ª «�¬�­�®

tk ¯ tk °�± ,Õ ²
4.22
b ³

whereÙ d
ë

is the spatialdimension.This leadsin particularto
the
�

expected thermodynamicdensity fluctuations for an
‘‘ideal gas’’ of macroionś sinceÝ all interactionshavebeen
neglectedµ ,Õ

¶ ·�¸
M
2
� ¹

1/2

º
M
0
© » 1¼ ½

M
0
©

V
,Õ ¾ 4.23

b ¿

whereÙ V is
�

the volumeof the observedsubsystem.
The
+

study of the relevance of the nonlinear termsÀ
Á
(
i Â�Ã

M
� Ä E
� Å

)
l

and Æ Ç È
ÉËÊ�Ì M
� addedã to the linearizedstochastic

equationÍ for the macroiondensityfluctuationsis performed
in AppendixB. As we havementionedin Sec.III, the ‘‘ag-
gregation’’Î betweenindividual macroionsshouldalreadyoc-

cur3 at smallerlengthscalesthanthe distanceaÏ between
Ð

the
confining3 surfacesof the Hele-Shawcell. Below this hydro-
dynamic
-

screeninglength, we estimatethe behaviorof the
electrohydrodynamicÍ flow by changing2/aÏ 2 into

�
k
( 2 in

�
the

Stokes
Ñ

equationÒ that
Ó

is, assuminga perfectlyinfinite system
withoutÙ hydrodynamicboundaryconditionsÔ .

For
Õ

the spatialdimensionof interesthere,d
ë Ö

3,
×

we findØ
seeÝ Appendix BÙ that

Ó
the non-linearterm Ú
Û (

i Ü�Ý
M
� Þ Eß ) i

l
s

alwaysã irrelevant
J

whereasÙ the electrohydroconvectivetermà á â
ãåä�æ
M
� is relevant in the unscreenedC dc

-
limit regime ç i.e.,

k
è é 1 ê aÏ andã k

è ë 1 ì DsË kè /
í î�ïñð

ME0
© /
í òôó

but
Ð

irrelevant
J

in all
the
Ó

other regimes õ i.e., screeneddc limit, screenedand un-
screenedÝ ac limit regimesö . This resultdemonstratesthat the
diffusive
-

stabilizingterm ÷ DM ø�ù�ú M is not sufficientto en-
sureÝ the stability of an initially homogeneousmacroiondis-
tribution
Ó

in the presenceof both stochasticfluctuationsand
electrohydroconvectionÍ û 25

ü ý
. This suggeststhatthenonlinear

convective3 term may actuallyhavea crucial role in the dy-
namical processeswithin the macroiondispersion þ asã sup-
ported^ by simple estimationsof ordersof magnitudein the
situationsÝ correspondingto the experimentalconditions;see
AppendixCÿ . In general,we thereforeexpectthat this elec-
troconvective
Ó

term might generatesome large scalesdy-
namicQ patternsfrom the spontaneousthermalfluctuationsin
the
Ó

macroiondispersion.
On
�

the qualitative level this dynamicalsegregationpro-
cess3 would be able to accountfor the following important
experimentalÍ observations� 27

ü �
:�

1� Under
�

dc or low frequencyacelectricfield conditions
the
Ó

solutionundergoessomecoarseH graining process^ gener-
atingã densermacroionregionsuntil the size of the globular
segregatedÝ regionstypically reachesthespacinglengthaÏ be-

Ð
tween
Ó

the confiningwalls, that is, the hydrodynamicscreen-
ing
�

length. The fast coarsegraining processthen stops in
apparentã agreementwith the irrelevance

J
ofI the nonlinear

convective3 term at largerscalesk
è � 1 � aÏ ,Õ as we crossfrom a

3D
×

unscreenedhydrodynamicregimeto a screenedone � in� a
Hele-Shaw
	

cell or capillaries 
 1�
� .�
2� At higher frequency,when the periodic drift of the

macroionsis smallerthan the typical hydrodynamicscreen-
ing length aÏ enforcedÍ by the experimentgeometry,we ob-
servedÝ that the coarsegraining processmay stop in the di-
rection> of the electricfield beforeit reachesthe sizeaÏ , aÕ s is
clearly3 visible in the observationson DNA solutionsin cap-
illaries showingdisk-shapeaggregatesthinner than the cap-
illary diameteraÏ � 1� . In the dynamic scaling picture this
wouldÙ correspondto the crossoverof the nonlinearconvec-
tive
Ó

termfrom its relevant� � dc
-

limit � behavior
Ð

at shortlength
scalesÝ � i.e., for k

è � 1 � DsË kè /
í �����

ME0
© /
í ���

aÏ  to
Ó

its irrelevant
J!

acã limit " behavior
Ð

at largerscales# i.e.,
�

for k
è $ 1 %�&

M
� E
'

0
© /
í (*)

.+
3
× ,

Finally
Õ

the comparisonbetweenthis relevant� nonlin-Q
earÍ term - . /1032 M

� in
�

theunscreeneddc limit andthediffusive
stabilizingÝ term 4 DM 5 2

� 6
M is expectedto give someorder

ofI magnitudeof the experimentalelectricfield thresholdfor
this
Ó

electric-field-induced‘‘segregation’’ to occur. Taking
k
è 7 1 8:9<;

M
� =?> 1/3 andã DM

� @ kT
è

/(
í A

RgB )l , we find

ET C kTc
è

sËDED
0
© RgB NF M G<H M I 1/3 J 4.24K
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for a dilute solutionof macroions.Numerically,ET is a few
tens
Ó

of V/cm for a 30 L g/mlÎ M -DNA solutionin goodagree-
ment� with the experimentalonsetof aggregation.Note also
that
Ó

ET decreases
-

with themacroionsize(RgB )l , charge(N
F

M),
l

andã concentration( N M
� )
l

in qualitative agreementwith the
experimentalÍ observationsO 1P .

More quantitativeprogressrequires,however,the useof
more� sophisticatedtechniquessuchasthedynamicrenormal-
ization
�

group theory and we do not addressfurther the ag-
gregationÎ problemhere Q 28R .

B.
S

Numerics

Although we have seenin the last subsectionthat Eq.T
4.12U does

-
not accountfor the primary segregationprocess,

weÙ still expectit to give us someunderstandingof the large
scaleÝ evolutionof a preexistingmacroion-richsegregatedre-
gionÎ under strong electric field. We have thereforesolved
Eq. V 4.12W numerically,in theHele-Shawapproximation,for
someÝ initially segregateddomainsof simpleshape.The cal-
culations3 are performedin Fourier spacewith an extensive
useÿ of the fast Fourier transformalgorithm X 29Y .

Figure5 showsthe time evolution in the ac limit regime
ofI an initially 2D Gaussiandistribution of macroions Z i.e.,

�
Eqs. [ 4.15\ andã ] 4.16̂ have beenusedto evaluate_ ` k

a b (c d M)
e

andã f E
' g

k
a h (c i M)

e
respectivelyj . The known experimentalvalues

ofI the various physical parametershave beenused in the
calculation3 and the electric field frequencyand amplitude
have
k

beenchosento correspondtypically to theexperimental
acã limit regime,namely,E0

© l 500
m

V/cm and n /2
í o*p

100 Hz.
Within
q

a tenthof secondthe initial Gaussiandistribution is
symmetricallyÝ elongatedperpendicularlyto the direction of
the
Ó r

horizontals electricÍ field. This is due to the convective
electrohydrodynamicÍ flow, which is shownto dominatethe

macroionfluctuationdynamicsin this regime t seeÝ Appendix
C
u v

. After about1 s, thesymmetryof thedeformationis spon-
taneously
Ó

brokenanda quasistationarydynamicalregimeis
reached,> exhibiting elongatedaggregatestilted with respect
to
Ó

thedirectionof theelectricfield. Finally, aftera few more
seconds,Ý the diffusion slowly wins over the long time scale
dynamics
-

asexpectedin the Hele-Shawapproximationw seeÝ
previous^ sectionx andã the tilted aggregatesprogressivelydis-
appear.ã Remarkably,we notethat thequasistationaryregime
corresponds3 to a y 60°

z
tilt angleof theelongateddynamical

aggregatesã with respectto the field, which we identified in
Sec.
{

III as the stationaryregimecorrespondingto the maxi-|
mum| shearing of the bandlike aggregates. This suggeststhat
these
Ó

quasistationarydynamicalstructuresare actually gen-
eratedÍ andsustainedby anabrasionÏ mechanismat theaggre-
gateÎ interface that tends to ‘‘facet’’ the macroion-richre-
gionsÎ at the angle correspondingto the most efficient
abrasionã process,that is, }�~�� 60°

z
in the ac limit regime.

Such
{

a mechanismis indeedexpectedto dynamicallywhittle
down
-

or graduallycoverthe interfacialregionsof theaggre-
gateÎ that arenot orientedalongthe directionof fastestelec-
trohydrodynamic
Ó

convectionat the interface,thuseventually
facetingthe whole aggregatealong thesedirectionsof most
efficientÍ abrasionprocess.

The
+

system dimensions, combined with the periodic
boundary
Ð

conditionswe haveusedin the numericalcalcula-
tions,
Ó

tendto fix thezigzagpatternperiodicity for systemsof
medium� sizes,as shownin Fig. 5, however,we checked—
performing^ � less

B
accurate� calculations3 in bigger systems—

that
Ó

thesechevron-likepatternscan appearevenbeforethe
deformation
-

of the macroion-richregionreachesthe system
‘‘edges’’ � data

-
not shown� .

This
+

numericalsolutionof the largescaleevolutionof an
initially Gaussianmacroion-richregion is clearly in good
agreementã with the correspondingexperimentdepictedon
Fig.
�

6. In this experiment,a DNA aggregate,previously
formed
A

understrongelectricfield, hasbeenleft to diffusefor
aboutã 1 minute after the electric field was turned off. A
strongÝ electric field is then reapplied on the disk-like
macroion-richregion � E0

© � 500
m

V/cm and � /2
í �*�

100 Hz� ,Õ
whichÙ deformsfirst perpendicularlyto the � horizontal� elec-Í
tric
Ó

field. However, this symmetricelongationis unableto
lead
B

to any stationarydynamicalregimeand the aggregate
eventuallyÍ breaks,after about1 s � by

Ð
spontaneousfluctua-

tion
Ó �

,Õ to form a stablequasistationaryzigzagpatternwhere
the
Ó

continuously shearedlong aggregateshave indeed a�
60°
z

angleof tilt with respectto thefield asfor thecaseof
Fig. 2 correspondingalsoto theac limit regime � but

Ð
starting

initially
�

from a dispersionat equilibrium, i.e., with thermo-
dynamic
-

fluctuations� .
Figure � 7� � is the numerical quasistationarydynamical

structureÝ formed, in the dc limit regime, from an initially
Gaussian
�

macroiondistribution.The � 45° angleof tilt be-
tween
Ó

thecontinuouslyshearedlong aggregatesandtheelec-
tric
Ó

field alsoclearlydemonstratesgoodagreementwith Fig.
1, depicting the experimentalobservationsin the dc limit
conditions.3

V.
�

CONCLUSION

We
q

havedevelopedin this paperthebasisof a theoretical
approachã to describethe large

�
scale, long time electrohydro-Í

FIG. 5. Numericalevolution of an initially Gaussianmacroion
distributioninducedby theapplicationof a strong � horizontal� elec-�
tric field in the analyticac limit regime.Spatialperiodicboundary
conditionsare used.Time scales � when� the known valuesof the
experimentalparametersare used  :¡ ¢ A£ ¤ t ¥ 0 s

¦
; § B¨ © tª « 0.1

¦
s; ¬ C­ ®

t ¯ 1.5 s; ° D± t ² 3 s ³ quasistationary´ regimeµ . ‘ ‘ ¶ ’’ indicatesthat
thelocal probabilitydensityis at leastone-tenthof themaximumof
the initial distribution.
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kinetic
·

phenomenaoccurring,understrongelectricfield, in a
dispersion
-

of macroionsin a simpleelectrolyteof high ionic
strength.Ý

The
+

main ideasandapproximationsof this approachcan
be
Ð

summarizedasfollows.¸
i ¹ The macroions’chargesaredescribed,at large length

scales,Ý by a smoothconcentrationprofile, cº M(
c
r� » ,Õ tk )e , depend-

ing aÏ priori onI thespaceandtime coordinates,andtheshort
scaleÝ electrokineticphenomenaare takeninto accountphe-
nomenologicallyQ by the introduction of an electrophoretic
mobility ¼ M for the macroions.½

ii ¾ Thedifficulties of thecouplednonlinearelectrokinetic
equations¿ are overcomeby consideringthat the macroions
merely� generatesmall perturbationson the alreadyout-of-
equilibrium¿ situationof thesimpleelectrolyte(cº ÀÂÁ cº ÃÂÄ cº sË )e
underÿ a strongelectricfield, EÅ 0

© . We thenusethesupposedly

smallÝ parametercº M
� /
Æ
cº sË Ç electrolyte¿ of high ionic strengthÈ to

É
expand¿ the nonlinearitiesin the coupledequations.Ê

iii Ë As the macroionsdiffuse usuallymuchmoreslowly
than
É

the small ions of the electrolyte Ì i.e.,
�

D
Í

M
� Î D

Í
sË Ï ,Õ the

coion3 and counterionconcentrationsrespondquasistatically
to
É

the slow dynamicsof the macroiondensity fluctuations
described
-

in the referenceframe moving at the electro-
phoretic^ velocity of the macroions.Ð

iv Ñ This leads,in particular, to somelarge length scale
perturbations^ of the local salt concentrationÒ in the disper-
sionÝ Ó i.e.,

�
electrodialysiseffectÔ ,Õ which we have evaluated

analyticallyã in two limit regimes. dc limit re-
gime:Î L Õ DsË /(

Æ
L Ö )

e ×�Ø
M
� E0

© /
Æ Ù

; ac limit regime:
L Ú max(Û ME0

© /
Æ Ü

,Õ Ý DsË /
Æ Þ

)
e
, where L is the typical spatial

modulationof themacroionfluctuationalongthedirectionof
the
É

appliedelectricfield.ß
và á Under

�
electric field, this salt perturbationprofile is

alsoã ‘‘polarized,’’ leading to the violation of strict electro-
neutrality over large length scales in the electrolyte,â

eã äæå�çéèEè 0
© E' ê 0
© ë1ìîí /2

Æ
cº sË ï Sec.

{
II ð .ñ

vià ò The electricalbody force arising from the coupling
between
Ð

this largescalechargedensityandtheappliedelec-

tric
É

field ó i.e., ô eã õ Eö 0
© atã first order in cº M /

Æ
cº sË ÷ is then able to

trigger
É

some electrohydrodynamicflows in the solution,
whichÙ canbedescribedin theexperimentalregimesof inter-
est¿ by a simple Stokesequationin the moving reference

frame,
A øúùüû ýîþéÿ��

P
� ���

eã � E' � 0
© � 0

( 	
. In particular, 
 � has

�
beende-

termined
É

analytically in the Hele-Shawapproximationfor a
quasi-2D
 confinedgeometry� Sec.

{
III � .�

viià � Theresultingquasistaticelectrohydrodynamicflow � �
andã the local correctionto the appliedelectricfield, � E

' �
,Õ are

then
É

used to evaluatethe slow dynamicsof the macroion
fluctuationsself-consistently� Eq. � 4.12� in Sec.IV � .

We
q

havenumericallysolvedthe self-consistentnonlinear
dynamical
-

equation for the macroion fluctuations � Eq.�
4.12��� in the Hele-Shawapproximation.This demonstrates

the
É

ability of our theoreticalmodel to accountfor the dy-
ë

namic� selection process by
Ð

which an initially disk-shaped
aggregateã acquiresits eventualquasistationaryzigzagstruc-
ture
É

with tilt anglesof  60°
z

in the ac limit regime and!
45° in the dc limit regime. In addition, we predict, not

onlyI the correctsign of recirculationin the tilted aggregates"
similarÝ in both regimesandindependentof z� M ,Õ the sign of

the
É

macroions’charges# ,Õ but alsothe correctordersof mag-
nitudeQ for the time scalesandrecirculationvelocities,when
experimental¿ valuesof the variousparametersareused.

This good agreementwith the experimentalobservations
in both ac and dc limit regimesstrongly suggeststhat the
large
B

scaledynamicselectionprocessat work in thesevari-
ousI colloidal or polyelectrolytesolutionsunderstrongelec-
tric
É

field is indeedrelatedto the nonlinearcouplingbetween
the
É

macroiondensityfluctuationsandthe associatedelectro-
hydrodynamic
�

flows, asdiscussedin Sec.IV. Moreover,we
have
�

suggestedthat the samenonlinearcouplingmight also
be
Ð

responsible—througha noise-drivendynamicalprocess—
for the primary segregationmechanismitself, as it is shown
to
É

dominatethe largescale,long time stochasticdynamicsin
aã 3D environment$ Appendix

%
B& .

Althoughsomeimportantaspectsof thesesegregationand

FIG. 6. Experimentalevolution of an initially quasi-isotope' -
DNA-rich region ( about) 10 * m+ in diameter, underthe suddenap-
plicationof a strongacelectricfield in thehorizontaldirection:field
amplitude 500 V/cm and frequency 100 Hz. - A . t / 0 s; 0 B1
t 2 0.5 s; 3 C4 t5 6 1.5 s; 7 D8 t 9 3 s : quasistationaryregime; .

FIG. 7. Numericalquasistationarystructure,obtainedfrom the
evolutionof an initially Gaussianmacroiondistribution < as) in Fig.
5= ,> inducedby the applicationof a strong ? horizontal

@ A
electricB field

in theanalyticdc limit regime.Spatialperiodicboundaryconditions
areused.‘‘ C ’’ indicatesthat the local probabilitydensityis at least
one-tenthof the maximumof the initial distribution.
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patterning^ processesremain to be more thoroughly investi-
gatedÎ D 30

× E
,Õ we believeto havealreadygainedsomephysical

insight
�

into theseelectrohydrodynamicphenomena.This will
have
�

to be further testedthroughmore quantitativeexperi-
mental studies F 31,32

× G
. If confirmed, this understanding

shouldÝ allow improvementsof the capillary electrophoresis
separationÝ technique.More generally, we expect that the
large
B

scaleperturbationsof ionic distributionsin colloidal or
polyelectrolyte^ solutionsunderelectricfield shouldhaveim-
portant^ consequencesin other relatedproblemssuchas the
behavior
Ð

of electrorheologicalfluids or the interpretationof
dielectric
-

constant measurementsin colloidal dispersionsH
12I .
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APPENDIX A: ELECTROHYDRODYNAMIC FLOW AND
OUT-OF-EQUILIBRIUM
L

CHARGE DENSITY

The
+

main contributionto the large scaleelectrohydrody-
namicQ flow in themacroiondispersionis furtherdiscussedin
this
É

appendix.
We
q

assumefor the sakeof simplicity that the primary
electrophoretic¿ migration, associatedwith the counterion
equilibrium¿ distribution, doesnot� generateÎ any flow in the
solutionÝ on lengthscaleslarger thanthe Debyelength MON 1,Õ
asã for the caseof a ‘‘free-draining’’ electrophoretic¿ migra-
tion
É P

11Q . This assumptionimplies that the largescaleelec-
trohydrodynamic
É

flow is related to the out-of-equilibrium
charge3 density.As the salt perturbationprofile R Eq.

S T
2.19
U V�W

becomes
Ð XZY\[

(
c ]

sË /
Æ ^

M)
e
c_ M in the strong field limit

E
`

0
© a D

Í
sË kb /
Æ c

M
d ,Õ we find, from Eq. e 2.20

U f
,Õ that the dynamic

ë
charge3 densityarising from the electrophoreticmigration| ofI
the
É

macroions g i.e.,
� hjiki

0
© (c l M

d /
Æ m

sË )e E` n 0
© o�p c_ M

d /2
Æ

c_ sË q andã the
charge3 densityassociatedwith theelectricpolarizationof the

saltÝ perturbationprofile r i.e.,
� sjtkt

0
© E` u 0
© vxwzy /2

Æ
c_ sË { areã of simi-

lar ordersof magnitude|~} M andã �
sË usuallyÿ having similar

numericalQ values� . We expect,however,that the magnitudes
ofI the electrohydrodynamicflow originating from eachof
these
É

two chargedensitysourcesare,in fact, very different.
This canbeenshownby integratingtheStokesequationonce
overI the typical extensionlengthof the flow gradientgener-
atedã by each of these charge density sources � i.e.,

�
� ��� �����

(
c
E0
© /
Æ �

)
e ���

eã dr
ë ���

.�
1� The
+

dynamicchargedensityoriginatingfrom themac-
roions> electrophoreticmigrationgenerates,in practice,shear-
ing
�

over the Debyelengthscale �O� 1,Õ becauseof the spatial
proximity^ of theboundaryconditionson theactualmacroion
surface.Ý Its contribution,� M

d ,Õ to thelargescaleelectrohydro-
dynamic
-

flow canthereforebe estimatedas

�
M
d

�O� 1 ����� 0
© E
`

0
©
�

�
M
d
 

sË
E
` ¡

0
© ¢�£ c_ M

d
2c_ sË dr

ë ¤

¥�¦�¦
0
© E0

©
§
¨

M©
sË

E0
©

2
U

c_ sË c_ M
d

max
.

ª
2« Thepolarizationof thesaltperturbationprofile ¬ gen-Î

erates,¿ on theotherhand,shearingoverthemicrometerrange
scale,­ which is the typical extensionof the salt perturbation
in
®

the vicinity of the migrating macroions, i.e.,
D
Í

sË /(
Æ ¯

M
d E
`

0
© )e ° 1 ± 3

× ²
m i³ n Eq. ´ 2.19

U µ
. Hence,the contribu-

tion
É ¶¸·

ofI thesaltprofile polarizationto the largescaleelec-
trohydrodynamic
É

flow canbe similarly estimatedas

¹¸º
D
Í

sË /
Æ »½¼

ME
`

0
© ¾O¿jÀkÀ 0

© E0
©
Á EÂ 0

© Ã�ÄzÅ
2
U

c_ sË dr
ë Æ ÇjÈkÈ

0
© E0

©
É E0

©
2
U

c_ sË Ê Ë maxÌ .
So
{

using Í Î maxÏ Ð Ñ (
c Ò

sË /Æ Ó M
d )
e
c_ M
d

max
,Õ from Eq. Ô 2.19

U Õ
in
®

the

strong­ field limit E
`

0
© Ö D

Í
sË kb /
Æ ×

M
d ,Õ we finally get Ø withÙ

DsË /
Æ Ù

M Ú (
c Û

sË /
Æ Ü

M)
e
kT
b

/
Æ
eÊ Ý

Þ
M
d ß à Má

sË
3
Á

eEÊ 0
© âäã 1

kT
b å¸æ .

Hencewe haveç M
d è�é¸ê in mostpracticalsituations,suggest-

ing
®

that the contribution to the large scaleconvection,di-
rectly> associatedwith the macroionelectrophoreticmigra-
tion,
É

is generallynegligibleascomparedto the contribution
associatedë with the polarizationof the salt perturbationpro-
file far beyondtheDebyelayers,i.e., ìîíðï�ñ . At largelength
scales,­ k

b ò 1 óõôOö 1,Õ we can therefore simplify the Stokes
equation¿ as

÷ùø�ú ûzüjý�þ P
� ÿ��

eã � E` � 0
© � 0

( �
,Õ

withÙ
�

eã �	��

��� 0
© E� 0
© ����� /2

Æ
c_ sË .

APPENDIX B: RELEVANCE OF NONLINEAR TERMS

We
q

study in this appendixthe relevanceof the nonlinear
terms
É

for theslow dynamicsof themacroiondensityfluctua-
tions
É

startingfrom the nonlineardynamicalequation � 4.12
b �

withÙ theadditional � conservative� � thermal
É

noisef
�

(
c
r� � ,Õ tk )e intro-

duced
-

anddiscussedin Sec.IV A,

d
ë

t� ��� M
d  D

Í
M
d !#"%$

M
d & z' M

d (
M
d )

M
0
* +-, .

E
` /10

z' M
d 2

M
d 3�4 576%8

M
d 9 E

` :�;
<>= ? @�ACB�D

M E f
� F

r� G ,Õ tk HJI 0,
( K

B1
L M

withÙ N f
�

(
c
r� O ,Õ tk )e f

�
(
c
r� PRQ ,Õ tk S )e T	UWV 2

� X
d
Y
(
c
r� Z	[ r� \R] )e ^ (

c
tk _ tk ` )e , whered

ë
is
®

the
spatial­ dimension.Investigatingfor possibledynamicscaling
behaviors
Ð

of Eq. a B1
L bdc

asë k
b e

0
(

and tk fhgji ,k we assumethat

the
É

changeof length scale,rl	m br
n o

,k is accompaniedby the
following changesof time scale,tk p b

n zq tk ,k andmacroionden-
sity­ fluctuation r�s M

d t b
n uwv�x

M
d ,k wherezy is

®
the dynamicex-

ponentz that describesthe scaling of relaxation times with
length,and { is theanalogof the‘‘rougheningexponent’’for
aë growing interface | 19} .
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We
q

thengetthedynamicscalingbehaviorsof ~ E
` �

andë � � in
®

Eq.
S �

B1
L �

using� Eqs. � 4.14
b �

andë � 4.16
b �

andë Eqs. � 4.13
b �

andë�
4.15� ,� respectively.We recall that the � electrohydro¿ � convec-�

tion
É

givenby Eqs. � 4.13� andë � 4.15� is valid only beyondthe
hydrodynamicscreeninglengthaÏ in theHele-Shaw� HS� ap-ë
proximation� � i.e.,

®
k
b � 1 � aÏ � . For thesakeof generalitywe will

alsoë study the scalingbehaviorof this term with no� hydro-
�

dynamic
�

screening� NS
� �

. Onecanshowthat this amountsto
simply­ changing2/aÏ 2 into

®
k
b 2 in

®
Eqs. � 4.13

b  
and¡ ¢ 4.15

b £
. In

practice� this regimewill correspondto lengthscalessmaller
than
É

the hydrodynamicscreeninglength, i.e., k
b ¤ 1 ¥ aÏ . We

find
¦

the following§
i ¨ In the dc limit regime © from Eqs. ª 4.13« and¡ ¬ 4.14­¯® ,�

°
Ek
adc
± ²d³

k
a hence ´ Edc

± µ
b
n ¶¸·

M ,�
¹

HSk
ºdc

± »
k
b ¼

k
a hence

� ½
HS
dc
± ¾

b
n ¿ÁÀ 1 Â

M ,�
Ã

NS
Ä

k
ºdc

± Å
k
b Æ 1 Ç

k
a hence

� È
NS
Ädc
± É

b
n ÊCË 1 Ì

M
d .

Í
ii
Î Ï

In
Ð

the ac limit regime Ñ from
Ò

Eqs. Ó 4.15
b Ô

and¡ Õ 4.16
b Ö¯×

,�
Ø

E
`

k
aacÙ Ú k

b Û
k
a hence

� Ü
E
` acÙ Ý b

n ÞCß 1 à
M ,�

á
HSk
ºacÙ â

k
b 3
ã ä

k
a hence

� å
HS
acÙ æ

b
n çCè 3

ã é
M
d ,�

ê
NS
Ä

k
ºacÙ ë

k
b ì

k
a hence í NS

ÄacÙ î
b
n ïÁð 1 ñ

M
d .

Assumingthatthenoisekeepsits uncorrelatedfeaturesunder
rescalingò ó as¡ expectedat leastaslong asthenonlinearterms
do
�

not dominateô impliesthefollowing changeof scalefor f
�

:

f
� õ

b
n ö 1 ÷ d

Y
/2
ø ù

zú /2ø f
�

.

After
%

this rescalingEq. û B1
L ü

transforms
É

to the following:ý
i
Î þ

In
Ð

the dc limit regime ÿ using� Eq. � 4.18
b ���

,�

b
n ��� zú DÍ t

� �
	
M � b

n ��
 2
�
D
Í

M ���
� M � b
n 2
� ���

1zy M � M � � �����
M � E

` � �
!

b
n "�# 1 $&%(' ) *,+.-
/

M
d 0 b

n 1 1 2 d
Y

/2
ø 3

zú /2ø f
� 4

r� 5 ,� tk 687 0,
(

that
É

is,

D t� 9
: M ; b
n zú < 2

�
DM =�>�? M @ b

n zú A 1 BDC zE M F M G H IKJ
L
M M ENPO

Q
b
n zú R 1 SUT8V W X,Y[Z
\

M ] b
n ^ 1 _ d

`
/2
ø a

zú /2ø bdc
f
� e

rf ,� tk g8h 0,
(
i
B2j

wherek D t� lnm dë t� o zE M(
c p

sq r�sut M
d2� /
Æ v

sq w )(e N
x

M y M
d0z /2
Æ

c_ sq )e E{ 0
z |,} ~ cor-�

respondsò to the time derivative in the systemof reference
that
É

movesat uniform velocity, taking into accountthe cor-

rectionsò in electric field, zE M � ME
` �

0
z � 1 � (

c ���
sq /
Æ �

M ����u�
M
d /
Æ �

sq � )(e N
x

M
d �

M
0
z

/2
Æ

c_ sq )]e �
see� Eq. � 4.18

b ���
,� with � HS

dc
± �����

1
in the Hele-Shawapproximationand � NS

Ädc
± �����

1 on length
scales� shorter than the electrohydrodynamicscreening
length.
  ¡

ii ¢ In the ac limit regime £ using¤ Eq. ¥ 4.19¦�§

b
n ¨[© zú dª t� «
¬ M

d ­ b
n ®�¯ 2D

Í
M°²±�³
´ M

d µ b
n 2¶�· 2zE M

d ¸
M
d ¹,º »�¼
½

M
d ¾ E

` ¿PÀ
Á

b
n Â[Ã 1 Ä&Å(Æ Ç È,É[Ê�Ë

M Ì b
n Í 1 Î d

Ï
/2
Ð Ñ

zÒ /2
Ð

f
� Ó

r� Ô ,Õ tk Ö8× 0,
(

that
É

is,

d
ª

tØ Ù
Ú M Û b
n zÒ Ü 2

Ý
DM
d Þ²ß�à
á

M â b
n zÒ ã 2

Ý äDå
zæ M ç M è é êKë
ì

M í Eî ï
ð

b
n zÒ ñ 1 ò&ó(ô õ öø÷[ù
ú

M
d û b

n ü 1 ý d
Ï

/2
Ð þ

zÒ /2Ð ÿ��
f
� �

r� ,Õ tk ��� 0,
(

�
B3
L �

where	 D
Í

M
�� D
Í

M(1
c 
��

N
�

M � M
0
�

/2
Æ

c_ s� ����� MkT
b

/
Æ
eD�

M � )
e

is an ef-
fective diffusion constanttaking into account the electric
field perturbationeffects � see� Eq. � 4.19� � . With ! HS

ac" #%$'&
3
×

in
(

the Hele-Shawapproximationand ) NS
*ac" +%,'-

1 on length
scales� shorter than the electrohydrodynamicscreening
length.
.

In
/

theabsenceof thenonlinearterms,Eqs. 0 B2
L 1

and2 3 B3
L 4

are2 madescale invariant, as expected,upon the following
choices5 for the dynamicscalingexponents,

zæ 6 zæ 0
� 7 2,

8:9%;
0
� <>= 1 ? d

ª
2
U @ zæ 0

�
2
U A>B d

ª
2
U .

We
q

then obtain the ‘‘scaling dimension’’ of the nonlinear

terms,
É

zæ M C M DFE (
c GIH

M J E
` K

)
e

and L M NFOQPIR M ,Õ addedto this scale-
invariantequation,asfollows:S

i T In the dc limit regime,

zæ 0
� U 1 V%W 0

� XZY 2 [ d
ª \

/2
Æ

for zæ M ] M ^ _ `�aIb
M c Edfe

zæ 0
� g 1 hji 0

�dc
k l

1 mjn 0
�dc
k

for o p qFrQsIt M ,Õ
with	 u

0 H
�

S
dc
k v%w

0
� x 1 y>z (

c
d
ª {

2
U

)/2 in the Hele-Shawapproxi-
mation and | 0 N

�
S

dc
k }�~

0
� � 1 � (2

c �
d
ª

)
e
/2 on length scales

shorter� thanthe electrohydrodynamicscreeninglength.�
ii
( �

In
/

the ac limit regime,

zæ 0
� � 2

U �%�
0
� �>� d

ª
/2
Æ

for zæ M � M �F� ���I� M � E
` �f�

,Õ
zæ 0
� � 1 �j� 0

�ac" �
1 �j� 0

�ac" for
Ò � � �F���¡ 

M
d ,Õ

with	 ¢
0 H
�

S
ac" £%¤

0
� ¥ 3

¦ §>¨
(
c
d
© ª

6
z

)/2 in the Hele-Shawapproxi-
mation« and ¬ 0 N

�
S

ac" ­%®
0
� ¯ 1 °>± (

c
d
² ³

2
U

)/2 on length scales
shorter� thanthe electrohydrodynamicscreeninglength.

If the scaling dimensionsof both nonlinear terms are
negative´ ,Õ the nonlinearitiesscaleto zero and are said to be
irrelevant
µ

,Õ so that the solution should remain uniform at
largelengthandtime scalesaspredictedby the linearstabil-
ity study. ¶ In principle, such situationsmight also lead to
strong� couplingregimesfor · coupling5 ¸ parameters¹ exceeding
a2 finite threshold º 19,20» .¼ On

½
the otherhand,if the scaling

dimension
�

of at leastoneof the nonlineartermsis positive¾ ,Õ
this
É

term growsunderrescalingand is relevant for the long
time,
É

large scale dynamics.Nontrivial dynamic exponents
are2 expectedin this casebut their estimationthrough the
dynamic
�

renormalizationtechniqueis involved ¿ 28À .
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One
Á

finally finds for the relevanceof the nonlineartermsÂ
25Ã :Ä

i
( Å

In
/

the dc limit regime, the electrophoretic term

zæ M
d Æ

M
d ÇFÈ (

c ÉIÊ
M
d Ë EÌ ) i

e
s relevant for d

Í Î
2 Ï i.e., (2 Ð d

Í
)/
e

2Ñ 0
Ò Ó

and2 theconvectiveterm Ô Õ ÖF×�ØIÙ M is irrelevant
Ú

at2 anydimen-
sion� in the Hele-ShawapproximationÛ i.e.,

(
for k

b Ü 1 Ý aÞ since�ß d
Í

/2
Æ à

0
Ò

) andrelevant at2 d
Í á

4 â i.e., (4 ã d
Í

)/
e

2ä 0
Ò å

onæ length
scales� shorterthan the hydrodynamicscreeninglength, i.e.,
k
b ç 1 è aÞ . In particular,in the d

Í é
3
ê

case,which we areinter-
ested¿ in here,we predict that the electrohydrodynamiccon-
vectiveë term dominatesthe long time scaledynamicsin the
dc
�

limit regimeon length scalesshorterthan the electrohy-
drodynamic
�

screeninglength.ì
ii í In the ac limit regime,we predict,however,that both

nonlinearî terms are irrelevant at any dimensionor length
scales,� i.e., k

b ï 1 ð aÞ in the Hele-Shawapproximationand
k
b ñ 1 ò aÞ for

Ò
length scalesshorter than the electrohydrody-

namicscreeninglength.

APPENDIX
ó

C: ORDER OF MAGNITUDE
OF THE NONLINEAR TERMS

We
ô

showin this appendixthatthenonlinearelectrohydro-

dynamic
�

convective term, õ ö ÷ùø�úIû M ,Õ dominates the
macroiondensityfluctuationdynamicsü in the moving refer-
ence¿ frameý in

(
the conditionsof experimentalobservation

withþ DNA solutions.
In the ac limit regime,we find that this term dominates

whenþ the following double inequality holds ÿ weþ compare,
e.g.,¿ Eqs. � 4.15

� �
and2 � 4.16

� �
and2 the diffusive term, D

Í
M
d k
b
,Õ

withþ the ac limit constraint,k
b � 1 ���

M
d E0

	 /
Æ 
��

,Õ
1 


� 2

�
M
d2� E0

	2� k
b � 2
� � 3

ê
32
ê �

s��
M

���
0
	 E0
	2aÞ 2
�

� min
c_ Mmax�

2c_ s� DM
,Õ e�
kT
b �

M
.

This
�

typically holds for k
b � 1 � aÞ � 10  m,! and an electric

field
¦

of 300 V/cm and 100 Hz in agreementwith the
experimental¿ conditions for " -DNA solutions
(
c #

M
d $ 3

ê %
10& 8 m! 2 V

' ( 1 s� ) 1,Õ * s� + 10, 7
-

m! 2 V
' . 1 s� / 1,Õ D

Í
M
d0 101 12 m2 s� 2 1,Õ c_ M

d
max� /2
Æ

c_ s� 3 104 2,Õ 576 108 3
9

Pas, and:;:
0
	 < 10= 9

>
F m? 1@ .

In
A

the dc limit regime,i.e., k
b B 1 C D

Í
s� kb /
Æ DFEHG

M
d E
`

0
	 /
Æ I

, wÕ e
find similarly that the electrohydrodynamicconvectiveterm
dominates
�

thedynamicswhenthe following two inequalities
hold
� J

weþ compare,e.g.,Eqs. K 4.13
� L

and2 M 4.14
� N

and2 thediffu-
sive� term, DMk

b O
,Õ

k
b P 1 QSR;R

0
	 E0
	 aÞ 2

2 T
U

s�2
�

V
M
d WYX

s�2 ZH[ M
2 \ ,Õ

D
Í

M ]
^

s�_
M
d
`;`

0
	 E` 0
	2aÞ 2

a
c_ Mmax

4
�

c_ s� .

This alsotypically holdsin theexperimentalconditionswith
the
É b

-DNA solutions.
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