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ABSTRACT: We describe the dynamic behavior of semidilute solutions of actin filaments (a semiflexible
polymer), pointing out some of the rheological regimes present in this biologically important system. We
deduce the macroscopic storage modulus and show that over a certain frequency range semiflexible
polymers show a novel variation in the shear modulus; the mechanism should be distinguished from

Rouse behavior in solutions of flexible polymers.

1. Introduction

Actin is a globular protein of mass 42 000 Da which
is ubiquitous in the biological world. It is present in
an enormous variety of species, from plants to man in
a highly conserved form. Within a given species actin
is used for a multitude of tasks, both structural and
motile. Actin monomers self-assemble under appropri-
ate conditions to form filaments with a diameter of 7
nm and lengths of up to 50 um. The conditions needed
for self-assembly can be reproduced in vitro with
relatively simple buffers, providing a highly controlled
system where the mechanical and thermodynamic
properties of filaments can be studied in detail.?

Recent experiments using optical microscopy,?3 elec-
tron microscopy,* and light scattering®~’ have shown
that for the polymerist actin filaments can be considered
as semiflexible polymers with a persistence length of
between 10 and 20 um. By using additional proteins
such as gelsolin, one can control the mean length of
filaments present in solution; proteins such as a-actinin
cross-link filaments to form gels. In addition, with
fluorescence marking techniques®® one can mark and
follow a given filament in a rheological experiment,
allowing detailed experimental study of reptation dy-
namics in semidilute solutions. Actin solutions are thus
extraordinarily rich systems for rheological studies and
pose challenging problems in the study of the dynamics
of cellular systems, where control of the rheological state
of actin plays an essential role in cellular motility.10.11

In this paper we discuss the dynamics of actin
filaments in semidilute solutions without cross-linking
agents and contrast our results with those for classical
flexible polymers. The main simplifying assumption we
make in this paper is that the effects of polydispersity
are weak; in actin solutions we know that due to the
process of dynamic polymerization and depolymerization
there is in fact a distribution of filament lengths.

In this paper we are particularly interested in ex-
plaining three experimentally observed facts:12-15

sthe value of the plateau modulus observed over a
very large frequency range

sthe increase in the modulus observed at higher
frequencies
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echaracteristic time scales for crossovers between the
various dynamical regimes

In particular, we note that naive arguments taken
directly from the theory of flexible polymers would

predict a Vo variation of the modulus to a Rouse-like
mode relaxing on scales smaller than the size of the
tube. This would imply a crossover from the plateau
to a high-frequency regime at about 1 Hz. Experiments
show that this crossover occurs rather at 0.01 Hz. We
resolve these discrepancies by pointing out the impor-
tance of length fluctuations via a longitudinal density
mode.

We continue this introduction with a summary of
known properties of flexible and semiflexible polymers
which will be used later. In section two we introduce a
number of length scales which are important in the
rheology of actin solutions; in flexible polymers all
physics is dominated by the presence of a single length
scale; unfortunately, the physics of semiflexible poly-
mers is more complicated, there are rather two main
length scales in the problem: the persistence length and
the mean distance between filaments. From these two
basic length scales we can also construct a number of
derived length scales which are important in discussing
the rheological behavior. In particular the tube diam-
eter which turns out to be a nontrivial combination of
the two basic length scales. We calculate the tube
properties and show how they are related to macroscopic
properties of actin solutions. In the third section of the
article we consider time scales important in actin
rheology. Finally, we give numerical estimates of the
length and time scales typical in present day experi-
ments on actin solutions.

We start our discussion by a brief reminder of the
static and dynamic properties of individual semiflexible
polymers together with some remarks on the essential
differences between solutions of flexible and semiflexible
polymers. The bending energy of a semiflexible polymer
is analogous to the bending elasticity of a rigid rod
which can be written?6

_k 1
E=3 S e ds (1.1)

where R(S) is the radius of curvature of the filament at
the point s and « is the bending elastic constant related
to the persistence length I, = «/kgT. A strongly curved
filament has a small radius of curvature and from (1.1)
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Figure 1. Calculation of the tube diameter. A section of
filament of length | is represented undergoing a typical
transverse fluctuation of width L. The filament is pointing
in the z direction and fluctuating in the x—z plane. The circles
represent filaments in the y direction which act to hinder the
fluctuations of the filament. The typical distance between
these filaments is D.

has a high energy and is thus energetically unfavorable.
On lengths short compared with the persistence length
we can use the effective energy

2 2
E=§f(ﬂ) ds (1.2)

ds?

where rp is the two component vector describing the
transverse fluctuation of the filament perpendicular to
its mean orientation. This energy is to be contrasted
with the usual expression for flexible polymers where
the energy is related to the first derivative of the
position rather than the second.

E=Z (%)2 ds (1.3)

The dynamics of a free-draining flexible polymer de-
scribed by eq 1.3 are given by the Rouse dynamic
equation:

ar _ _d°r
=0t (1.4)

with o related to the monomer size. The dynamics of
an actin filament on lengths small compared with their
persistence length are described by a similar equation
with higher spatial derivatives due to the second
derivative in the energy (1.2) viz.

4

ary, _ d r, ) 15)
ds* 7 '

ot

with ¢ a friction coefficient and #(t) Brownian noise. We
note that eq 1.5 gives a dispersion relation in g*
Throughout this paper we shall neglect small correc-
tions due to nonlocal hydrodynamic effects which give
a weak scale dependence to the friction coefficient. Such
hydrodynamic effects have been shown to be important,
however, in detailed numerical comparisons to light-
scattering data.”

Simple scaling arguments?!’ (see Figure 1) show that
the amplitude of transverse fluctuations, L, can be
related to the length of a filament, I, in the following
way: eq 1.2 is quadratic in the amplitudes rp; each mode
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thus has a Gaussian distribution and we may apply
equipartition to find

2 1
L>OkgT jmk—(qu (1.6)

Integration of (1.6) implies that
2 3
L=arn, .7

a result wich will be needed later to calculate the tube
size. However, we can already see that the scaling
between L and I can be the origin of anomalous scaling
between the various length scales present in semiflex-
ible polymer solutions. The analogous result for a
flexible polymer is that the size of a polymer varies as
the square root of the degree of polymerization, a well-
known and classic result. Clearly, eq 1.7 is only valid
for length scales smaller than I,; on lengths comparable
with I, we cross over to the description in terms of
flexible polymers.

If one confines an object in space there is a restriction
of its fluctuations and hence a loss of free energy. In
particular the free energy cost of confining a filament
to a tube will turn out to be the origin of the plateau
modulus in actin solutions. Confining the filament to
a tube of diameter D; in which collisions between the
filament and the tube occur every l. leads to a free
energy cost per unit length comparable to ref 17.

keT
Fe~ )

(1.8)

e

Rheological experiments on actin are typically carried
out at actin concentrations of the order of 0.3 mg/mL.
Under these conditions the filaments of actin form a
mesh where the distance between two filaments is
between 0.5 and 1 um. The rheology of actin filaments
differs in a number of respects from the rheology of
flexible polymers.’819 |In particular the ordering of
characteristic length scales with which we are familiar
in flexible polymers changes: In flexible polymers the
persistence length is often only a few monomers (or tens
of angstroms) long; this length is small compared with
the correlation length for density fluctuations &; the
correlation length is in turn small compared with the
length, N¢&, needed to produce entanglements, which
determines such macroscopically important quantities
as the plateau modulus via the equation

ke T

o (1.9)

~
flex ™

where N¢ is the number of segments of size £ needed to
form a topological entanglement. Under the usual
experimental conditions the persistence length of actin
filaments is much larger than the typical mesh size; it
also turns out to be much larger than the characteristic
length which determines macroscopic elastic properties.
This necessitates a reconsideration of the rheology of
semiflexible polymers. We note that similar consider-
ations are needed in the rheology of polyelectrolytic
solutions where the persistence length is equal to the
correlation length.2°

2. Statics of Actin Solutions

We now turn to the calculation of the length scales
important in actin solutions, together with estimates
of the plateau modulus. Long linear filaments formed
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out of monomers with concentration ¢ form a mesh with
a characteristic length scale D where

D ~ (ca) *? (2.1)

with a the size of the protein molecules.

We start with a free volume calculation of the tube
diameter and the distance between collisions between
a filament and the tube wall. The fluctuations of a given
filament will be most hindered by nearby filaments
which are nearly perpendicular (see Figure 1). These
nearby filaments form an array of steric hindrances
separated by D. Let us consider a filament aligned in
the z direction and consider fluctuations of our filament
in the x direction. The fluctuations are hindered by
filaments in the y direction. The filaments in the y
direction create a series of cells of area D2. The
transverse fluctuations described in (1.7) imply that a
segment of filament of length | has fluctuations in the
x—z plane with area

|5/2

p

Thus we expect that fluctuations of filaments are
hindered when D?/A ~ 1, implying that the filament is
effectively enclosed in a tube of diameter

D, ~ D%/1,1 (2.3)

with points of steric hindrance separated by distances
scaling as?!

I, ~ D*°I,Y° (2.4)

We note that there is no reason to consider these points
of collision as being entanglements (see below). From
these basic length scales we can deduce the macroscopic
plateau modulus using the following arguments: The
plateau modulus is due to stresses in the medium which
can only be released by reptation of the filament out of
the tube. Rather than calculating stress we shall
calculate the energy scales implicated in deformations
of order 1. For concreteness we shall consider deforma-
tions of the form

10
e 10

001

which correspond to a stretching of the system in the
direction (1, 1, 0) and a compression in the direction (1,
—1, 0). Under such a deformation the tube which
contains each filament is sheared and is thus no longer
described by its original Gaussian distribution in space.
Each section of the tube of length I, will then contribute
an additional kgT to the free energy of the filaments.
This implies that the contribution to the modulus, due
to the change in the conformation of the tube, is equal
to Gpers ~ kgT/I,D2. However, this contribution to the
modulus is small compared to the experimentally ob-
served value; there is a second more important contri-
bution.

We know that in flexible polymers the concept of
entanglement, expressed via the parameter Ne, is
crucial in defining the idea of tube confinement.1® This
allows us then to understand important rheological
properties, like the plateau modulus of a polymer
solution. No entanglement is required to define the
confining tube for actin solutions in the regime where

(2.5)
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D < I,. Looking at the typical geometry sketched in
Figure 1, one can well believe that filaments are free to
slide with respect to each other and that entanglements
must occur on the scale of the persistence length rather
than the mesh size.

Cross-linking impurities present in very low concen-
trations would be sufficient to significantly modify the
elastic behavior by formation of a reversible or irrevers-
ible gel (according to the impurity present), forming a
far stiffer macroscopic system; indeed, impurities present
at the level of a few parts per thousand would be enough
to invalidate the following discussions. We note that
fluorescence measurements indicating free movement
of filaments®® seem to indicate that there is no cross-
linking occurring in typical preparations, and we ignore
the possibility in what follows; however, the enormous
variability in reported moduli may be at least partially
due to cross-linking impurities.

The structure of the tube is far from uniform; it is
formed from other pairs of filaments separated by a
distance of order l.. Under the influence of the trans-
formation (2.5) this distance increases by a factor (1 +
€) for tubes parallel to (1, 1, 0) and decreases by a factor
(1 — ¢) for tubes in the direction (1, —1, 0). In addition,
tubes in the direction (0, 0, 1) are distorted in shape.
Since each section of tube of length I. contributes kgT
to the free energy of the solution, we might expect that
the nonuniformity of the tube leads to anisotropic
variations in I and hence from (1.8) variations in F.
This mechanism would be expected to contribute

kgT 2.6)
pl IEDZ '

to the plateau modulus. We believe that this is the
dominant contribution to the plateau modulus and is a
major result of this paper.

The discussion leading to the result (2.6) is valid on
time scales sufficiently long that the internal modes of
the filament do not contribute to the rheological behav-
ior. We now consider the modulus at higher frequen-
cies, in particular at the frequency of relaxation of a
section of the filament of length l.. (We give an explicit
formula for this time, 7., later in the paper in the
discussion of dynamic effects.) On this time scale the
basic mechanical element is the portion of filament of
length I between each collision point.

This element can be described in terms of transverse
and longitudinal elastic constants such that the energy,
E, of a fluctuation is related to a displacement or via E
= K(0r)%/2, where K is a Hookean spring constant or
modulus. The modulus describing transverse fluctua-
tions follows easily from eq 1.2; more detailed calcula-
tion is needed for the longitudinal displacements: The
longitudinal modulus has as its origin the “uncrum-
pling” of the thermal fluctuations due to an external
force. Itis thus entropic in origin, while the transverse
modulus is enthalpic.

The longitudinal constant can be calculated in a
simple Gaussian approximation such as eq 1.2 by
calculating the moments of the fluctuation in length of
the filament, os, using the following approximation for
the excess material in a segment of the tube

ds ~ % S (vrp)?ds (2.7)

The longitudinal and transverse elastic constants do not
scale in the same manner with the persistence length.
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A section of filament of length | can be considered as
an anisotropic Hookean spring with longitudinal
modulus

ko Tl 2
m%iﬁ (2.8a)
and transverse modulus
ke Tl
Ky~ ——P (2.8b)

|3

We now discuss the statistics of fluctuations of the
filament in the tube. From eq 2.8a the mean square
fluctuation of the quantity of material in a section of
tube of length I. is given by

IS

|
(0’ == (2.9)
Iy
Each successive section of filament of length I, fluctu-
ates independently, thus the fluctuation in material in
a section of tube of length | > I is
K
(0s)? = = I
1,2 1e
From (2.10) we also see that the process of tube
renewal involves lengths of filaments which are long
compared with the persistence length. It is probable
that in most experimental systems the whole filament

is the dynamic object involved in tube renewel.

(2.10)

3. Dynamics of Actin Solutions

In this section we describe the various time scales
associated with the dynamics of actin filaments. The
dynamics described by eq 1.4 are valid until the wave
vector g is comparable with the smallest length scale
of the actin network, D. Thus, we expect that hydro-
dynamic interactions between filaments and their en-
vironment become important for

4
7o~ L = (3.1)
p
with 8 = 1/kgT. For times shorter than tp the rheology
is dominated by the coupling of the bending modes with
the shear and the fact that the classical result for
independent semiflexible polymers must hold,?* viz.
G(w) ~ w'. However, in actin this result holds only
for frequencies higher than 100 Hz, a frequency range
which is as yet unstudied. For times longer than zp the
hydrodynamic interaction between the tube and fila-
ment becomes important, thus increasing the effective
friction coefficient . The variation in ¢ could be
important; however in this simple scaling analysis we
shall not distinguish in what follows between the
effective friction coefficient at times which are long or
short compared with tp. For times somewhat longer
than 7p the dynamics are thus still described by the g*
dispersion relation implied by eq 1.5.

The first real change of dynamic regime comes when
we consider excitations of wavelengths comparable to
the length, l.. At this scale the movement of the
filament becomes sterically hindered by the presence
of other filaments. This defines the second important
time scale in the dynamics

16/5
D

T =B
™

We note that this time scale is only very weakly
dependent upon the rigidity of the filament.

(3.2)
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On length scales larger than I, the nature of the
dynamics changes from transverse to longitudinal.
Fluctuations of amplitude larger than D; are impossible
due to the presence of the tube. However, as we have
noted, there is a fluctuation in the quantity of material
present in each segment of tube of length I¢; these
fluctuations in density diffuse along the tube path.
Thus the effective dispersion relation changes from iflw
= l,g* to

(ql.)*
T

v~ gl, <1 (3.3)

e
e

We are thus in a position to calculate the time needed
to relax fluctuations of a section of filament of length I,

1.\2
~ [P ~ 715 ~8/5
T, N (E) 7, ~ Bl D (3.4)
The density fluctuations in the whole tube relax in a
time equal to

Trelax ~ ﬁgLf2|p73/5 D8/5 (35)

Between the time scales 7. and 7, rheological dynam-
ics are dominated by diffusive propagation of density
fluctuations along a linear tube. These density fluctua-
tions are strongly coupled to the shear flow. Density
fluctuations on scales longer than I, are, however,
weakly coupled to the shear flow. Thus we expect the
crossover to plateau modulus at a time zp.

This result should be contrasted with that predicted
by a Rouse mechanism. In the Rouse dynamics of
flexible solutions we find a rheological regime in Vo,
however the crossover from high frequency to plateau
behavior occurs at the equivalent of 7. This is because
the shear flow does not couple to length fluctuations for
a highly coiled polymer in linear rheology; for semiflex-
ible polymers there is an important coupling even in
the linear regime.

The plateau modulus given by eq 2.7 is valid from the
time 7, until the moment that filament is able to diffuse
completely out of the tube. This defines the longest
characteristic time in the problem, which is independent
of the actin concentration?>26

Trept ~ ﬁgl—fa (3-6)
Beyond this time scale the solution is fluid.

4. Length and Time Scales

We wish to give here approximate numerical esti-
mates of the fundamental lengths and times which are
important in the dynamics of semidilute actin solutions.
Typical experiments are performed at concentrations of
0.3 mg/mL, which implies the following length scales

D =0.6 um
D, =0.4um
l,=21um (4.1
I, =15um
L;=30um

Lt must be considered as a rough estimate since it is
difficult to determine the length of filaments in un-
marked samples. From the equations of section three
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we thus estimate that the relevant time scales for the
dynamics are

5, ~0.02s
7,~04s
7,~ 100s (4.2)

~ 400 s

Trelax

Trept ~ 10000 s

It should be noted that the time scales 7p, 7e, and Trejax
are strongly decreasing functions of the concentration.
We can compare these time scales with those seen in
recent experiments.’® Over a large frequency range
from 0.01 to 0.0001 Hz one observes a plateau modulus
of 3 x 1072 Pa compatible with that predicted from eq
2.6. Between 1 and 0.01 Hz the system exhibits
rheological behavior with a square root dependence of
the modulus on the frequency. Microrheological meth-
ods allow the investigation of higher frequency range,
but the frequency range investigated to date does not
allow the study of the elementary flexion modes. In-
deed, present microrheological experiments seem to fall
close to the time scale near 7., where variation in the
effective friction coefficient due to hydrodynamic inter-
action between a filament and the tube complicates the
theoretical analysis of the experiments. Microrheologi-
cal measurements are also probably influenced by
nonlinear rheological effects due to the high velocity
gradients around a small bead.

We note also that solutions of actin filaments are
extremely sensitive to external forces. Stresses com-
parable to 0.1 Pa are sufficient to completely stretch
filaments in regions under tension and buckle filaments
in regions under compression. Buckling of filaments
could be an effecient way of causing entanglements on
a scale of D, leading to a possible work hardening of
actin solutions via a mechanism similar to hernia
formation seen in DNA electrophoresis.

Discussion

We have treated the dynamics of actin solutions as
an equilibrium process. However actin filaments un-
dergo a dynamic process of growth and depolymeriza-
tion. Could this dynamic process be important for the
rheology? Under the usual conditions the answer would
seem to be no, except perhaps in the termination time
for the plateau modulus. At dynamic equilibrium the
critical concentrations for the two ends of an actin
filament are different, leading to the process of tread-
milling,1° which implies a net loss of material at one
end with a net gain of material at the other end. Thus
each filament can be expected to advance though its
tube at a constant speed. This propagative mode will
be faster than the center of mass diffusion for suf-
ficiently long filaments. One can estimate that for a
filament of between 50 and 100 um length the process
of tread-milling is as efficient as the process of reptation
for the relaxation of stress. This, however, means
experiments which take place on the scale of many
hours. Agents which increase considerably the critical
concentration could be expected to increase the speed
of tread-milling and thus change the balance between
these two processes, leading to a novel rheological
regime for constraint release at long times. We note
that there are here some analogies to the properties of
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living polymers where novel constraint release mecha-
nisms also exist.2” However systems of living polymers
are still intrinsically equilibrium systems rather than
stationary dynamic systems and are thus not entirely
analogous. Finally, we have performed all our calcula-
tions in a regime where breakage due to external strain
is rare, it is well-known that actin solutions are very
sensitive to large shear rates.1?
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